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1 Introduction

The physics underlying much of the behavior of electrical circuits and of
electricity and magnetism is summarized in Maxwell’s Equations. To fully
understand these equations requires a course in electromagnetic theory, but
they can be related to the laws of electricity and magnetism due to physicists



like Faraday, Ampere, and Gauss, which are discussed in a general physics
course. We summarize these equations in the next section.

2 Maxwell’s Equations

A vector field is a function defined on a domain of points in space that assigns
a vector V to each point p = (z,y, 2) of the domain.

V= f(p) - fl(xayv Z)i + f2(xayv Z)j + f3(xayv Z)k?

where i, j,k are the unit coordinate vectors in the z,y, z directions respec-
tively. For example, if every point in a medium has a velocity, the set of
velocity vectors is a vector field. Given a vector field

C =C,i+ C,j+C.k,

the curl of C is defined to be

i j k
VxC=| % %
¢, ¢, C,
oc, 00, oCc, 0C, oC, 90,

:(ay_az)l—i_(az_ﬁx)JjL(% dy

The divergence is defined by
oc, 0C, 0C,

v-C= or dy T
The gradient of a function f is
of. of. 9of
=i+ —j+ =k
Vi 8x1+ ay'] + 0z

The Maxwell Equations in MKS form are

oD

H=J+ —

V X J+6t’
0B

E=-—

V x %



V-D=p,
V-B=0.
H and B are magnetic fields, E and D are electric fields, J is the current
density, and p is the charge density.
The fields E and B may be defined by the forces they exert on a charged

particle of charge q. The Lorentz force on a charge ¢ is the sum of the electric

and magnetic forces
F =¢(E+v x B).

When the curl of a vector field is zero,
VxC=0,

the field is called irrotational. In that case the line integral of the field from a
point A to B is independent of the path and there exists a potential function
¢. So for example in electrostatics where there are no magnetic fields,

V xE=0.

Then E is equal to the negative gradient of a potential function ¢, called the
electrical potential.

E=-Vo¢.
Ampere’s Law is given by part of the First Maxwell Equation
oD
VxH=J+ —.
8 AT

Ampere’s Law says that each infinitesimal line element of current flow
produces a magnetic field. So for example the current in a loop produces
a magnetic field through the loop. The first Maxwell equation is Ampere’s
Law plus the addition of a displacement current term

oD
ot
Maxwell showed that this additional term is necessary. So Ampere’s Law

says that each portion of current flow produces a magnetic field, but more is

bt



required. When there is no changing field D, which is a modification of the
E field caused by the presence of electrically polarized materials, then the
first Maxwell equation becomes

VxH=1J.
The vector field D is defined by
D =¢E+ P,

where P is the electric dipole moment per unit volume in a dielectric material.
The number ¢, is called the permittivity of free space. The magnetic field
vectors B and H are related by

B

H=—-M,

Ho
where M is the magnetic dipole moment per unit volume. Circulating cur-
rents inside a material give rise to magnetic dipoles, just as separated charges
in a material give rise to electric dipoles. For many materials there are linear

relationships
D =cE

and
B =uH.

We return to showing how Ampere’s law is related to the first Maxwell
equation. Applying Stoke’s Theorem we have

/CH-dR:/SVxH-dS:/SJ-dS:i.

That is, the line integral of the magnetic intensity H around a path C equals
the amount of current ¢ flowing through the surface S thatis bounded by C.
This is Ampere’s law. Let us remark about the displacement term. Suppose
there were no displacement current term. Then if there were a capacitor
placed in our wire, there would be current flowing through the wire, but
no actual charge flowing between the capacitor plates. Hence, if we let our
surface S pass between the capacitor plates then there would be a zero J, and
thus a zero current ¢ flowing through the surface. And so our line integral
of H around the magnetic circuit would be zero. So depending on where we



place our surface we get zero or not zero for the line integral. This is why

the displacement term
oD

ot
must be added to the first Maxwell equation. The displacement current term
is nonzero between the capacitor plates.

Faraday’s Law of Induction, the second Maxwell equation

0B
VXE=——.
ot
The second Maxwell equation is Faraday’s law of induction. Using Stoke’s
theorem we have

0B S 0P

sot ot

That is, the electric potential (MMF) around a circuit C' is equal to the
rate of magnetic flux change through the circuit.

If the material is soft iron and essentially linear with little hysteresis we
may write

/E~dR:/VxE-dS:—
C S

B =uH,

where p is a constant called the permeability. Such material forms a linear
magnetic circuit.

Coulomb’s’s Law, the third Maxwell equation
V-D=np.

The third Maxwell equation arises from Coulomb’s law, which gives the
forces between charges. So suppose we have a small volume of charge located
at the origin and a larger spherical volume V' surrounding it of radius r. Also
assume that we are in free space so that

D= EoE.

We have
V-E=2
€o



Integrating this over the volume V' we find

g:/VEdv
€0 14

:/E-dS
S
= Fdmr?,

where we have used the divergence theorem to convert from a volume integral
to a surface integral, ¢ is the charge in the small volume, and E is the
magnitude of the radial electric field on the spherical surface. So we have
the electric field at a distance 72 from a charge ¢ is given by

_ 1 g
 Awegr?’

E

This is a form of Coulombs law. The force on a charge ¢ by an electric field
E' is by definition Fq. Thus given two charges ¢; and ¢5, we obtain Coulombs
law for the force between two charges

_ I qige
Arey 12

F

The Absence of Magnetic Monopoles, the fourth Maxwell equation
V-B=0.

The fourth Maxwell equation is has some similarity with the third law pro-
vided there is no magnetic charge density, no isolated magnetic charges. So
the divergence of the B field is zero. Using the divergence theorem to convert
a volume integral to a an integral on the bounding surface, we have

o:/ V-BdV:/B-dS,
1% S
which means that every flux line entering a volume, leaves the volume. Thus

there are no sources of magnetic flux lines, no isolated magnetic poles, and
so flux lines form continuous loops.



3 Coulomb’s Law

Let n charges ¢; be placed at positions r’;. Let a=r —r’., Then

We have
— 8.987551787388872 x 1077,

4meg

which is approximately 9 x 1077,

4 Potential

Because
V xE=0,

a line integral of E is independent of the path. So there exists a potential ¢
so that

E=-Vo¢.
We have
6= / E.dl.
For a point charge ¢; located at the origin
_ 1 ¢
o(r) = Areg 1

So the potential energy to transport a charge ¢, from a point on a circle of
radius r4 to a point on a circle of radius rg is

T = QQA¢a

that is the difference in potential is the potential energy to transport a unit
charge between the two potential positions.



5 Gauss’s Law

Let S be a sphere. Let g be a point charge at the center of S. Then

/E~nds:q/(—:0
S

Let S be surrounded by an arbitrary surface GG. Integrating the volume
bounded by S and G we deduce the integral over GG equals the integral over
S. The integral of E over the surface of a volume not containing sources is
zero. This follows because in such a volume

V-E=0

We conclude that the integral of a field E over a surface GG, which is due to
point charges, is equal to the sum of the point charges contained within the
surface, divided by the permittivity of free space.

6 Constants

The unit of permeability p is the Henry per meter or kg-m-s=2- A~2, where
A stands for Ampere. The permeability of free space is g = 47 x 1077,

Relative permeability is
]

"o
A few values of permeability are: for soft Iron u, = 64, for ferrite pu, = 16

to . = 640, for Permalloy u, = 8000, for steel u, = 100, and for copper
iy = 0.999994.

Hr

7 An Illustration of Maxwell’s Equations: The
AC Clamp Meter

The clamp meter for measuring alternating current in a wire is an annular
ring of soft iron that closes around the wire. The clamp meter measures
the alternating current in the wire by sensing the magnetic field around the
wire. The line integral of the H field along a path located in the soft iron is
equal to the amount of current that passes through the ring of soft iron. This

10



defines a B field along each path, and hence the total flux in the magnetic
circuit. This magnetic flux is proportional to the current 7. A coil is wound
around the magnetic path and the induced voltage is given by Faraday’s law
as the negative derivative of the flux with respect to time, times the number
of turns in the coil. Thus the induced voltage in the coil is proportional to
the current in the wire. Alternating current is sinusoidal, as is the derivative
of the flux induced by the current. So the induced voltage in the sensing coil
is also sinusoidal.

8 Inductance and Mutual Inductance

Suppose we have n circuits linked by magnetic flux. Then the voltage induced
in circuit ¢ according to Faraday’s law is given by

" 4o,
é-Z:Z dtj7

J=1

where ®;; is the flux linking circuit ¢ due to current in circuit j. We can
write

dby _ deydly 4l
dt dI; dt Ydt’

where I; is the current in circuit j, and

is called the mutual inductance.

Example. Suppose we have a toroid and two windings around the toroid.
Then according to ampere’s law, the mean value of the magnitude of the
magnetic induction B = uH, is

o ,uN1]

==

where Nj is the number of turns in winding 1, and £ is the mean length of the
path around the inside of the toroid. If we assume that B is approximately

constant throughout the cross section of the toroid, then the flux in the toroid
caused by current [ is

B

)
1 g Y

11



where A is the cross sectional area of the toroid. In such a toroid made of soft
iron all of the flux is confined to the interior of the toroid, and the voltage
induced in circuit 2 is

o dCI)l o d MNllA d[l
52_W_N2d11( I )dt
IUNlAdjl
— N. -1
0 dt
dl,

= My —L.
21 dt

So the mutual inductance is

A
My, = N2N1“7

A single winding induces a voltage in itself with mutual inductance
wA
e
Such an inductance is called the self-inductance, which is written as

L1 = MH.

Mll = NlNl

For an inductor L the voltage induced across the inductor is given as

&= Lﬁ.

dt
This is the voltage drop across an inductor in a circuit where a current [/
flows. In the case of the toroid with a linear soft iron core, we see that
the inductance is essentially constant and independent of the current I, and
proportional to the square of the number turns N2. This sort of relationship

holds for most practical inductors.

9 Magnetic Circuits

A continuous tube of flux ® forms a magnetic circuit. Let the circuit pass
through a coil containing N turns and current . For a path around the
circuit

L;

Ni= §H-dr =Y Hili=3 - =03 R

12



This equation is an approximation. H; is an assumed constant value of H
in the ¢th piece of the circuit. The reluctance of the ith piece is ®;. L is the
length of the piece and A is the cross sectional area. The magnetomotive
force mmf is Ni. We have

mmf = dR.

A large flux path may be treated as a set of parallel paths and the net
reluctance can be computed by a technique similar to that of computing
parallel resistances.

10 Steady State Alternating Currents And
The Concept of Impedance

Consider the RLC circuit with a voltage source. The equation for this circuit
consisting of, a resistance R, an inductance L, and a capacitance C' in series
with an alternating current voltage source v, is

where ¢ is the current in the circuit. Differentiating this equation we get a
second order differential equation

2i di i do
LGt gt _dv
e iate T @

Let
i = Ipexp jwt = Iy(cos(wt) + sin(wt)j),
and
v = Vyexp jwt = Vy(cos(wt) + sin(wt)j).
We let Iy and Vy be complex numbers to allow ¢ and v to be out of phase.
Then

1
[~w?L + Rjw + E]IO exp jwt = Vyjw exp jwt.

Then ]
[~ L+ Rjw + ST = Vojw.

13



Dividing by jw

w?L 1
——— +R+—\( =V
[ i + R+ Cj ] 0 0
Then ]
R L——)j|ly =V
R+ (w wC)‘]] 0 0
Then v
IO = ?07
where

1
Z =R L-——)j=R+Xj
+ (w WO)] + X

is the impedance. The imaginary part of the impedance X is called the
reactance. The inductive reactance is

XL = QJL,
and the capacitive reactance is
1
Xe=——.
¢ wC'
If
Iy = |Io| exp(jOr),
Vo = Vol exp(jbv),
and
Z =|Z|exp(j0z,)
then
i = [Io| exp(j(wt + 01)),
and

v = [Volexp(j(wt + Ov)).

Dropping the subscript, we can write complex numbers in boldface and
SO
I=Texp((wt+6)7),

where I is the complex current, and I is the magnitude of I. And we can
write similar expressions for V and Z. The complex current I can be thought

14



of as a vector rotating around at angular velocity w, and the physical current
1 the projection of I to the real axis, that is

i = I cos(wt + 0r).

1= 7z

If we are only interested in phase differences between the various rotating
complex vectors, and not the actual time dependence, we can omit the wt in
the expression for I and V, and retain only the magnitudes and the phase
angles. So because the vectors rotate at the same frequency, the phase and
magnitude relation between them is the same for each time. That is we could
let ¢ be some constant say ¢ = 0. Because as ¢ varies the same magnitudes
and phase relationships are maintained.

So for example consider the voltage across an inductor. We might specify
the current to have magnitude 10 and phase angle say 0 degrees. We would
specify this phaser in polar notation as a magnitude and an angle

I=10/0.
Now suppose the inductive reactance is 5, so that the impedance is
57,
which in terms of magnitude and angle is
Z = 5/90.
Then the voltage across the inductor is
V =17 = (10£0)(5/90) = (10)(5)Z(0 + 90) = 50/90.

So the voltage leads the current by 90 degrees. This makes sense because
when an alternating current passes through zero, the rate of change of current
is a maximum and so the inductive voltage is a maximum. Similarly we can
show that for a capacitor the voltage across the capacitor lags the current by
90 degrees.

15



If the peak value of the current ¢ is I, then the average power dissipated
in a resistor R is

I’R
2 2
T/ Rdt = -/, cos(wt) dt
R,
=g Lt
where PR
12 R=—.
er = —
So /
L= ——.
If \/5

11 The Energy Stored in a Capacitor

The energy stored in a capacitor with total charge @) is

1Q* 1, ,
EFE=——=- .
C 2 2CV
Indeed, we have
q=VC.

The change in energy dF in adding charge dgq is

dE = Vdg = %dq

E = / —dq———.

12 The Energy Stored in an Inductor

So

The energy stored in an inductor is



Indeed, the rate of change of energy E in the inductor is the product of
the voltage across the inductor and the current flowing across this potential,

dE di
Y vi= 1%
e

Thus the energy stored in the inductor at time ¢ is

t t ) 7
E:/ggﬁz/mﬁﬁz/Lm.
o dt 0 dt 0

)

1

=L—.
2

13 Impedance Examples

Suppose we have a circuit consisting of an AC voltage source of voltage V'
and frequency w. In series with this source is a resistor R and an inductor
of inductance L. The impedance is then

7 = R+wlLj=R+ Xij,

where
XL = (.UL,
is the inductive reactance. So the current [ is
%4
[=—
7

The voltage drop across the resistor is

Ve =1IR,
The voltage drop across the inductor is

Vi = I1X[j

and thus is 90 degrees out of phase with Vz and the current 7. So the ratio
of |[VL| to |Vg| is
|VL‘ wlL

V:\VR\_ R

17



Thus
_R

w
So a knowledge of the voltage ratio v, and the frequency w gives the induc-
tance.

Suppose f is 1000 Hz. Then w = 27 f = 6280. If L = 2mH then

L

wl = 12.40).

Now we do not know the internal resistance of the voltage source. So in
order to measure the inductance by using the voltage drop ratio, resistor R
should be large enough so that the internal resistance does not take up all of
the voltage drop. So the internal resistance might be on the order of 50012.
So we might need a resistor of say 10K¢€2. But then the frequency must be
pretty high to make the inductive reactance be a significant part of 10K,
so that the voltage ratio is significant. So this method of measuring a small
inductance might have some difficulty.

14 The Magnetic Induction Field B

The magnetic force on a charge ¢; due to a charge ¢ is

Ko ry —ry
Fi =qvi x (E%Vz X m

where vi and vy are the respective velocities and r; and r, the positions of
the charges. We define the magnetic induction field B by

F=qvxB

where B is due to moving charges as in the first equation. The Lorentz force
is the sum of the electric and magnetic forces

F =¢(E+v x B).

By definition

o = 471077,
We have .
Ho€o = g

18



Note: ¢ is approximately

1
—107°.
367

15 Biot-Savart Law

The Biot-Savart law gives the field due to a current ¢ flowing in an element

of length d¢ as »
JB - Mo 1dl X r,
4 3

where r is a vector from the current element vector d¢ to the field point. The
direction of the magnetic field follows the right hand rule. With the right
hand around the current element and the thumb pointing in the current
direction, the direction of the magnetic field is given by the direction of the
fingers.

Thus integrating around a current a single loop we find at the center of
the loop, the magnetic field at the center of a single winding of radius r and
carrying a current of ¢ amperes is

B — Mol
2r

This differential form is equivalent to a current density definition given as

B(r,) = @/v degdygdZQ.

CA4q Ir; — o3
Taking the divergence we find

rs —To ry —ro

V-B:@/V((VXJ) ~J(V x ))dvs.

4 vy — 1r2f3 Ity —

The first term is zero because J is not a function of ry. The second term is
zero because the curl of a gradient is zero. Thus for current sources,

V-B=0.

If monopoles do not exist, this is a general result.

19



16 The Magnetic Field produced by Various
Circuits

Magnetic fields due to electric circuits can often be be computed by using
the Biot-Savart Law, or sometimes by the direct use of Maxwell’s equations.

16.1 The Field Due to a Straight Infinitely Long Wire

We calculate the field at the point x = 0,y = d, where current ¢ flows in the
positive z direction. This is the field at a distance d from the wire. According
to the right hand rule the field will be in the positive z direction for each
differential current element. From the Biot-Savart Law we have

Mo idl X r
dB = —
4 3 7
where r is a vector from the differential current element to the field point
(0,d.
The line element is
dl = dzu,,

where u, is a unit vector in the positive x direction. Hence the angle 6
between d¢ and r for x negative is between 0 and 7 /2, whereas for z positive
it is greater it ranges from 7 /2 to w. For symmetric values x and —z the two
angles are supplements so that their sine values are equal. So the integral over
negative values equals the integral over positive values. So we can integrate
just for x positive to get half the field value. For x positive we have

dl xr  sin(0)dv

r3 r2 z
sin(¢)dx
= T 2
where ¢ = m — 0 is the acute angle between r and the x axis. We have
. d
- tan(g)
and p
_ -2 2 _
dx = —dtan™*(¢) sec*(¢)do Sn2(0) d¢

20



1 sin®(¢)
e
So i d 1
sin(¢)dx = —— sin ¢do.
r? d

Therefore the field is

iy [0 .
B =20 / déu,
dAm Jr/2 sin gdgu

iuo
— E(COS(O) — cos(m/2))u,

_ Mot
o2rd *

This can be derived more easily by using Maxwell’s equation
VxH=1J.

So consider a circle of radius d around the wire. Integrating the area bounded
by the circle we have

[vxH-as=[3.as=i
A A
By symmetry H is tangent to the circle. So using Stokes’s Theorem
/VxH-dS:/ H.dl — d2r H,
A oA

where JA is the circular boundary of area A. Hence
v
2md’

and so

21



16.2 Field Along the Axis of a Current Loop
Magnitude of the field at distance b from the plane of the loop of radius a

; 2
p_fui__a

2 (a2 + 1)

16.3 Long Solenoid
N = number of turns, L length.

At center N
MoV
B = .

L

At end

polVi
B = .

2L

Greek word Solenoid means channel.

17 Computing the Inductance of a Circuit

Consider computing the inductance of a toroid of minor radius r; and major
radius r9. From above the inductance is

Y S

14 7(2rs)

2
_ pbntort
27"2

Suppose r;1 = bmm, ro = Tmm n = 25 and u, = 100. We have pg =
47 x 1077 Henry per meter. This is po = 47 x 10~ Henry per mm. So we
calculate

L =14.02mh.

As an example let us compute the inductance of a coil of n circular turns of
radius R. We need to compute the flux lines ® linking the turns. Alternately

22



we need to compute the B field, when the current flowing is ¢, across an area
S that cuts all of the flux lines and integrate to get the flux

<I>:n/B-dS.
S

A suitable area is the cross sectional area of the coil. We may use the Biot-
Savart law to compute B at each point of the surface S. We will find that ®
is a linear function of 4, so that

_d® 9

L=—=—.
di l

18 Measuring Inductance

There are several ways to measure inductance experimentally. One method
uses a function generator and an oscilloscope. So suppose a function gen-
erator generates a sinusoidal voltage v; and has an internal resistance R.
Electrical instruments are designed to have a constant internal resistance of
R = 50€). Let us connect the function generator to an inductor of inductance
L. We measure the voltage across L with an oscilloscope. The inductor has
impedance Z; = wLj. The current in the circuit is

U1

Zr, +R

1 =

The voltage across L is
Vo = VA L
U1
= AR
Zr, + R L
This circuit then acts as a voltage divider. As the frequency goes to infinity,
Z1, goes to infinity. So

Zy
— 1
Zr, +R
So the voltage vy across L goes to the input voltage v;. Hence as we increase
the frequency of the function generator we will see the voltage vs reach a

steady value of v;. On the other hand at zero frequency all the voltage
is across the resistor R. If we alter the frequency until the magnitude of

23



vy equals half the magnitude of vy, we can determine L. So suppose for
frequency w

o] = 121
2 5
Then
1z 1
|ZL+R| 2
That is
wlL 1
(wL)? + R? 2
Squaring
WL 1
(WL)2+ R2 4
Then
3(wL)? = R*.
So
R R

L

BN

where f is the frequency in cycles per second.

19 Admittance

The admittance is the reciprocal of the impedance. Notice that as w varies
from 0 to oo, Z is a line in the complex plane parallel to the imaginary
axis, and it does not pass through zero. An inversion mapping, Z — 1/Z,
being a special case of a linear fractional transformation (also called a projec-
tive transformation or a bilinear mapping), maps circles to circles (where a
straight line is a special circle of infinite radius). The line maps to a circle on
the complex sphere. It passes through the north pole, but not the south pole.
On the sphere the mapping Z — 1/Z corresponds to a 180 degree rotation
of the sphere about a horizontal axis so that the image of the circle on the
sphere no longer passes through the north pole. Hence the plane image must
be a true circle. So the admittance lies on a circle provided the impedance
does not pass through zero, that is, provided R is not zero. Details about

24



such mappings are contained in many books on complex analysis. See for
example: Elements of the Theory of Functions by K. Knopf.
In the case of a circuit network we have

Mi=—,
dt

where M is a matrix with second order differential operator terms, 7 is a
current vector and v is a voltage vector. The same technique applies. The
steady state solution is found by inverting the impedance matrix.

20 Examples of Impedance Calculations

21 Parallel Resonance

22 The RLC Transient Solution

The equation for a RLC circuit with a voltage source is

di q
L—+Ri+ = =w.
dt C
Differentiating we obtain a second order differential equation with constant
coefficients 2 i o
1 1 v
L— +R—+—==—.
dt? da C dt
The general solution consists of a linear combination of two linearly inde-
pendent solutions of the homogeneous equation and any particular solution.

Given a harmonic voltage

v = Vpexp jwt,
a complex particular solution is

1. = Iyexp jwt,

where

IO = %/Za

25



and where I, V{), and the impedance
Z =R+ jwL—-1/(wC))

are complex numbers. Either the real part or the imaginary part of this
complex solution may be taken as a particular solution i,. It remains to find
two linearly independent solutions of the homogeneous equation

Substituting i = exp(jmt) into this equation, we get a polynomial in m,
which has roots

R
_ 2 _
_— V(R/2L)2 — 1/LC.
The natural undamped (R=0) frequency is

w, =1/1/LC.

The critical damping resistance is the value of R that makes the expression
(R/2L)*> —1/LC

zero. Therefore the critical damping resistance is

R.=2Lw,.
The critical damping ratio is
R
=&
Then we have
R = 2( Lw,,
and R

The system is underdamped if ( < 1, overdamped if ( > 1, and criti-
cally damped if ( = 1. Suppose the equation is underdamped. Then two
independent solutions of the homogeneous equation are

i1 = exp(—Cwyt) sin(wgt),
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and
io = exp(—Cwyt) cos(wgt),

where the angular frequency of damped oscillation is

wWqg = wpy/1 — 2.

We may take as particular solution i, = Iy exp(j(wt+¢)) where I is real.
We have
i = Ayiy + Agis + 1,
and di iy dis  di
i 11 19 i
— = A — + Ay— L
a”aTw T
We wish to find the constants A; and A, appearing in these two equations.
Suppose we have the initial conditions

2(0) = (07
and di
1
E(O) = (9.

Then we can solve the equations for the constants A; and A, in terms of
ap and ag, and thus determine the unique solution ().

We have
i(0) = Ay + Iy exp(jo)

and ,
di

L
Using the real parts we have

0) = Ajwa — Aslwy + jlow exp(jo)

Ay + Iycos(¢) =

and
Aywg — Aslw, — lywsin(¢p) = as.

So
Ay = ay — Iy cos(9)
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and '
~ag + Ax(w, + lowsin(¢)

Wd

A

The real solution is
i(t) = Ay exp(—Cwpt) sin(wgt) + Az exp(—Cwyt) cos(wgt) + I cos(wt + ¢).

The program rlc.ftn plots this solution.

23 A Piezoelectric Transducer Equivalent Cir-
cuit

(See also: Emery Transducer Equivalent Circuits). In the the RLC cir-
cuit described above, suppose we introduce a second capacitor Cy connected
in parallel across the voltage source. The source is assumed active and able
to supply a constant voltage for any load up to its rated capacity. The series
resistance of the shunt capacitor is assumed so small that a change in voltage
induces an essentially instantaneous change in the charge on the capacitor so
that we can ignore the transient response. Then if iy is the current through
the capacitor, we have

ig o dv

Cy dt’
If v = Vyexp(j(wt + ¢)), then we have

io = JVowCs exp(j(wt + ¢)).

The real part is
7:2 = _‘/OCUCQ sin(wt + Qb)

The source current ¢ is the sum of the currents through the parallel branches
i =iy + io,
where 7; is the RLC current from the previous section. Thus
i(t) = Ay exp(—Cwpt) sin(wgt)+ Az exp(—Cwpt) cos(wqat)+1o cos(wi+¢)—Vow sin(wi+¢).

We compute the constants A; and A, from the initial conditions.
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Suppose the initial conditions are

’L(O) = (7
and di
7
%(0) = 9.

Then we have

i(0) = Ay + Iy cos(¢p) — Vowsin(¢)

and
i
d—z(O) = Aywy — AsCw, — Towsin(é) — Vow? cos(o).
So
Ay = ay — Iy cos(¢) + Vowsin(o)
and

iy + AsCw, + Ipw sin(@) + Vow? cos(o)
Wq

A =

The program teqcir.ftn plots this solution.

24 The Ideal Transformer

Two simplified models of a real transformer are the ideal transformer and
the perfect transformer. The ideal transformer is characterized by the turns
ratio n. The ideal transformer has the simple defining properties relating the
input and output voltages and currents:

V1 = Ny

ig = —nz'l .

See Balabanian and Bickart, page 42.
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CV E Volts Cc—— é Lm

Figure 1: Transducer equivalent circuit, with motional capacitor C,,, and
clamped capacitor C.,.
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25 The Perfect Transformer

The perfect transformer is characterized by a coupling ratio k£ = 1, where

M2

k* = :
Ly Ly

If k=1 then M =+/LiL5 , so that
U1 o lell/dt+ Mdlg/dt

V2 B Mdll/dt + LQd’LQ/dt

Vi [vIidis/dt + v/Tadis/dt
Vs | VIndis Jdt + v/ Tadia dt
v
VI

If the inductance of a coil is proportional to the square of the number of
turns then

U1

L =n,

U2
where n is the turns ratio. The flux through a coil is proportional to the
current in each turn, hence to the current times the number of turns. The
induced voltage is proportional to the number of turns and to the rate of
change of flux. Hence the voltage is proportional to the rate of change of
current times the square of the number of turns. Hence the inductance is
proportional to the square of the number of turns. Also see the inductance
of two inductances in series, (Reitz and Millford). If L; and Ly go to in-
finity while n is constant, then the perfect transformer becomes an ideal
transformer. See Balabanian and Bickart pp. 43-45.

26 Transformer Equivalent Circuits

See notes 1-17-86 and see Millman and Taub, Pulse and Digital Circuits,
pp 253-257.
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27 Superposition in Linear Circuits

27.1 Thevenin’s Theorem

Thevenin’s theorem is presented in almost all circuit analysis books: Any
two terminals of a network may be replaced by a network consisting of an
equivalent series resistor and an equivalent voltage source

A real proof of the theorem is not often given. For a proof of the theorem,
for the general case, see Linear Network Theory, Clifford Ferris, p256.

27.2 Norton’s Theorem
28 Resonance of an RLC Circuit and The
Quality Factor

Reference: Vincent Del Torro, Principles of Electrical Engineering, pp.
206-214. Given a series RLC circuit, for resonance we have

Vv

I= e —1ju0y
and
wlL —1/wC = 0.
1
w = Jic
Let

I = Iycos(wt).
The energy in the inductor is

1 1
e = 512L = 5]3 cos?(wt).

The energy stored in the capacitor is
1 1 —J
=-CV?=-0(I—3)*
T3 U SE)

1 I3 sin®(wt)

2 C2w?
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1
= iLfg sin?(wt).
Hence

1
er, +ec = ing'

Let w; and ws be the half-power points, where the power is one half the
power at the resonant point wy. The magnitude of the impedance at the half
power point must be v/2R. Hence

1

L——=R
1 quC'
Then
w1 = —a+ /a2 + wi,
where
R
o= —.
2L
And

wy = a+ /a2 + wi.

The bandwidth is

5 R
Why = Wy — Wy = 200 = —.
b 2 — w1 «Q I
The quality factor is defined as
. Wo o wOL . Xl
@=0." R R
Then
wOL wOL[g/Q
R RIZ/2
LI2/2
=2 0/ ,
(R15/2)/ fo

where fy is the resonant frequency. Then the quality factor is 27 times the
stored energy, divided by the energy dissipated per cycle.

We may write an alternate expression for ()y. Since the resonant fre-
quency is



we have

7@&)0[471 L
@o = R R\VC

29 Quality Factor at Nonresonance
Let the current in a series RLC circuit be
i(t) = L,e’".

The voltage across the capacitor is

u(t) = z% = i—g(sin(wt) — jcos(wt))

The sum of the energy stored in the inductor and capacitor at time ¢ is

W= %L%(m + %cm(v)Q

2

1 1
= iL]’i cos®(wt) + 5% sin’(wt).

Integrating over period
27
T=—,
w

we get the average stored enmergy. The average of each of cos?(wt), and
sin(wt), is 1/2, so that

1 .1 1
Wave:_l2_ L o~
2 m2( +w20)

1 1

_ 12

The energy dissipated per cycle in the resistor is

9
W,=1> RT =12 RZT
w

rms rms

34



Then the quality factor at frequency w is

oW 1 1
_ ave _ L '
QW) === = gl + )

If we differentiate () with respect to w and set the derivative equal to zero,

we get
1

w2C"

So that @) has a local extremum at the resonant frequency

1
W= ——.
VLC
This is a minimum, since ) goes to infinity as w goes to infinity, and as w
goes to zero.
At Resonance

1
W =wr = )
vV LC
so that ]
Wy
—(w, L
Q(wr) QR(wr + C’w,?)
_wL
-5

Example. Consider the example of a piezoelectric equivalent circuit from
Mentesana:

Z, = T7.5ohm, f, = 69.624KHz, Z, = 450.7ohm, f, = 69.942KHz.
Then the parameters for the equivalent mechanical RLC circuit are
R = 7.50hm.

L = .0146H.
C; =358 x 1071°F

The so called clamping capacitance is

Cy, =391 x 10°%F
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Figure 2: Plot of quality factor as a function of frequency for RLC circuit.
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c qf .ftn print quality factor as a function of frequency
implicit real*8 (a-h,o0-z)
real*8 1
£1=20.0e3
£2=90.0e3
pi=4.*atan(1.d0)
n=100
do i=1,n

f=(i-1)*(£2-f1)/(n-1) +f1
omega=f*2.*pi

q=qf (omega)
write(*,’(2(g15.8,1x))’)f,q
enddo

r=7.5

1=.0146

c=3.58e-10
omegar=sqrt(1./(1x*c))
fr=omegar/(2.*pi)

write(*,’(a,gl5.8)’) ’Resonance frequency = ’,fr
q=omegar*1l/r

write(*,’(a,gl5.8)’) Resonance quality factor = ’,q
end

function qf (omega)

implicit real*8 (a-h,o-z)

real*8 1

r=7.5

1=.0146

c=3.58e-10

qf=(omegaxl + 1./(c*omega))/(2.%r)
return

end
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30 General Networks

To solve general networks we write down the equations for all the loops in
the network. We give a name to the current flowing in each loop. Also we
may need the equations for the currents flowing into each node point of the
circuit graph. In the case of steady alternating currents, we will get a set of
linear algebraic equations with complex coefficients. Which are easily solved
using linear algebra.

For transient solutions we will get a similar set of differential equations
that are usually solved by approximate numerical techniques.

31 Downloading, Installing, and Running LT
Spice

LT Spice is a free version of the circuit analysis program Spice. It has a
graphical user interface.

32 A Spice Direct Current Example

Grab some Spice examples for this and the next two sections.

33 A Spice Alternating Current Example
34 A Spice Transient Example

35 Drawing Circuit Diagrams

The ideal file type for graphics files in a LaTeX document like this is post-
script. I wrote a program called elecschm.ftn that creates wiring diagrams
from an input file. I give these files the filetype and extension ”sch,” so that
a file might be called transistor.sch. The program creates a file of type eg, a
file of my design. The program eg2ps.c creates a postscript file an eg file.
Circuit diagrams can also be created in drawing programs like Adobe
[lustrator, Corel Draw, Freehand, or the open source program Inkscape.
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Figure 3: Circuit diagram drawn with program elecschm.ftn.
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These programs can create Postscript files (actually EPS files). However the
Postscript is usually ugly and verbose.

LT Spice creates diagrams that can be exported in a few file formats. But
Postscript is not one of them. But there are various graphics programs to
convert to Postscript. On the other hand various versions of LaTeX can also
handle some bitmap file types. I prefer Postscript because file sizes can be
tiny.

36 A Resistor Capacitor Circuit and the Time
Constant

Discharging a Capacitor. Consider a capacitor C' with charge ¢(0) at
time ¢t = 0 connected to resistor R. The voltage drops around the circuit are
zero. So

dg ¢
R—+==0
TG
or J
g q
it " rRC "
and so
dg _ _dt
g  RC
Integrating both sides we have
In(g) = ——— +
q - RC )

where k is a constant of integration. Taking the exponential we have
q(t) = exp(—t/RC) exp(k).
Evaluating at ¢ = 0 we see that
exp(k) = ¢q(0),

So



and

is called the time constant. So in one time constant

q(t) 1
—= =exp(—tc/RC) = — = .3679.
2(0) (—te/RC) = -
So the charge has decayed to about 37 per cent of its initial value. In five
time constants it will have decayed to

1
== .0067

of its initial value. So the capacitor discharges about 100 —37 = 63 percent of
its initial charge in one time constant. The energy of the capacitor is stored
in the electric field between the capacitor plates. The energy density of the
field can be shown to be

E-D

27
and so the total energy of the capacitor could be computed by integrating this
expression over the volume between the capacitor plates. As the capacitor
discharges this field energy is dissipated as heat in the resistor due to current
flow through it.
The RC Circuit. Suppose a circuit consists of a voltage source of magnitude
€ in series with a capacitor C' and a resistor R. The voltage drops around

the circuit give us the equation

iR+%:€.
That is

dg g9 _ ¢

dt RC R’

We can convert the left side to a derivative of a function by multiplying by
the integrating factor e//(F€) and then we are able to integrate to solve our
problem. So we have

9 1oy | _4_imey _ E gmey

dt RC R
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d, , €
- /(RC)y _— = t/(RC)
(€)= e

Integrating, we have
ge!/(FC) = %/e_t/(RC)dt = %(RC’et/(Rc) + K),

where K is a constant. We have at time ¢t = 0

3

(0) = S(RC + K),

SO

Then
q(t) = £C + (¢(0) — eC)e B,

is the general solution of the RC' circuit.
The capacitor discharges when the source voltage is shorted so that

e =0.
Then as above we get
alt) = a(0)e/"

Charging a Capacitor. Consider that the initial charge on the capacitor
is ¢(0) = 0. Then
q(t) = eC(1 — e /(RO

The final charge reached when ¢ = oo is ¢y = €C In one time constant
RC the charge on the capacitor is

which is about
qr(1 —.37) = .63¢;.

So the time constant is the time it takes to charge the capacitor to about 63
percent of its final value.

So in conclusion, the time constant RC' is the time it takes for a charged
capacitor C' to dissipate about 63 percent of its charge through a resistor R,
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and on the other hand the time for an initially uncharged capacitor to reach
about 63 percent of its final charge.

Example, The frequency of a 555 timer in astable mode The 555
timer in astable mode charges from 1/3 of the supply voltage ¢, to 2/3 of the
supply voltage through a resistor R; for period ¢, then discharges through a
different resistor combination of value Ry from 2/3 of the supply voltage to
1/3 of the supply voltage for period t;. The period of the oscillation is then

t:t1+t2.

Consider the time it takes to charge up from voltage vg = €/3 to voltage
vy = 2¢/3. That is from charge

eC
0) = —
q(0) n
to 9=C!
€
q(th) = 5
That is 5.0
€ _
= = q(t1) = eC + (q(0) — eC)e "/ (FC)
=eC + (5— — eC)eW/(RO),
Thus 5 )
g Z _ 1)e 0/ (RO).
3 + (3 Je
So .
_ - _ _ 2 _—t1/(RC)
3 36 )
Then
etl/(RC) — 2’
and

Now let us compute the time it takes discharge the capacitor from voltage
vo to voltage v;. The discharge equation has a zero source voltage, that is
e = 0. Let t, be the discharge time. We have

q(tz) = q(0)e "/,
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where

eC
q(ts) = 3
and 5O
€
0) = —.
q(0) 3
So
1 —t2/(RC)
- =—-e ” .
3
So
6t2/(RC) — 2
So

Now suppose the capacitor charges through resistor R;, and discharges
through resister Rs. Then the period of oscillation is

T = tl + tg == C(Rl + Rg) 111(2)
The frequency is

1/1n(2)

C(Ry+ Ry)’
We have
1/1n(2) = 1.4427.
So
L4427
~ CO(Ri+ Ry)’

Referring to the National Semiconductor data sheet for the LM555, page
7-8, which gives a a circuit for the astable or oscillatory mode of the 555,
there is a resistor R4 connecting the positive supply voltage at pin 8 to pin
7. A second resistor Rg connects pin 7 to pin 6. A capacitor C' is connected
between pin 6 and ground. So the capacitor charges through Ry = R4 + Rp
and discharges back through Ry = Rp. Thus

Ry + Ry =Rs+2Rp

So the astable frequency is
1.4427
O(RA -+ QRB) ’

UV =

as given in the data sheet.
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37 A Resistor Inductor Circuit and the Time
Constant

If we replace charge g by current ¢, this RL circuit has a nearly identical
differential equation to the RC' circuit. We have

di

L—+iR=1V.

dt
L replaces R and in turn R replaces 1/C. So the time constant is L/R. The
energy stored in the electric field of the capacitor becomes the energy stored
in the magnetic field of the inductor.

38 Designing Printed Circuit Boards, PCB
Artist

39 Infinite Resistor Networks

See my notebook for a one dimensional infinite network, March 16, 2012 page
51.
The following paper uses symmetry, and superposition to obtain the result
for a D dimensional resistive network.
V R
Re - 7 = 2_7
Ir Ji M

where R is the resistance of each resistor in the network, M is the connectiv-
ity at each node, and R.s¢ is the resistance that would be measured across
two adjacent nodes. So for an infinite square lattice where each node con-
nects to 4 resistors and M = 4, then R.;y = R/2 and for a lattice made of
equilateral triangles M =6 so R.; = R/3.

Impedance between adjacent nodes of infinite uniform D-dimensional
resistive lattices Am. J. Phys. 72 (7), July 2004, Peter M. Osterberg and
Aziz S. Inan. Department of Electrical Engineering and Computer Science,
University of Portland, Portland, Oregon 97203 Received 24 September 2003;
accepted 19 December 2003.
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infiniteresistancenetwork.pdf

Problem Consider a two dimensional network of infinite rectangles of four
resistors, each resistor of having a resistance value of one ohm. Compute the
resistance measured between two adjacent nodes.

Solution. We use the superposition of two problems. Consider the zero
voltage reference at infinity. Let a current source be connected between node
A and infinity, with a one amp flow into a node A and out of the ground
at infinity. Each node is surrounded by four resistors. By symmetry .25
amps flows through each of the four resistors connected to A. Let B be
a neighboring node. Let a second current source be connected between B
and infinity so that one amp flows into infinity and out of node B. By
superimposing the two current sources, current

Iap=25+4+.25=.5

amps flows through R4p, and no current flows into or out of infinity. So
the superposition is equivalent to a current source of 1 amp being connected
between nodes A and B, with 1 amp going into A and 1 amp coming out

of B. The potential across resistor R p is V' = .5 volt. So the effective
resistance measured between nodes A and B is
\% 5
R=—=—=2175
I 1.0
ohm.

40 Appendix A: The Laplace Transform

40.1 Introduction

One of the primary uses of the Laplace Transform is in the solution of differ-
ential equations. So differential equations are mapped to algebraic equations,
and often these algebraic equations are often easier to solve than the original
equations. This appendix comes from my document titled The Laplace
Transform with file name laplacetransform.tex, which I plan to add to.
So see that document for an up to date version.
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The Laplace transform maps a function f(t) of a real variable ¢ to a
function Lf(s) of a complex variable s. The transform is given by

Lf(s) z/ooof(t)e<—5”dt

Sometimes we write the transform of a function f by capitalizing. So we
write

F(s) = Lf(s).
The Laplace transform of f in the symbolic computer algebra program Maple

is specified as
laplace(f(t),t,s).

f(t) is a function of a real variable, but s is a complex variable, so Lf is
a complex valued function of a complex variable. Here are a few Laplace
transforms.

[e%e) 1
in(¢ (_St)dtzi
/0 sin(t) e 5241
> ¢ (—St)dt:i
Jy eostye R
o I'(a+1)
a (—st) .
/0 t“e dt_is(aﬁ-l)

['(x) is the Gamma function:

[(x) = /OO e 't dt.

0

lim I'(z) = 0.

z—0

[(x) = éf(as +1).

If n is an integer then
'(n+1) =nl

So if n is an integer,
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The Laplace transform of the derivative of a function f is obtained by
integrating by parts. We find

Lf'(s) :/Om <%f(t)> e(‘”)dt:s/oof(t)e(‘”)dt—f(o) — SLf —1(0)

0
So the transform of a second derivative is
Lf" = sLf = f'(0) = s(sLf = f(0)) = f'(0) = s’Lf = s£(0) = f'(0)

and so on for higher derivatives.
If f(t) = A is constant then

o0 A < A
Lf(s) = / Aetdt = [——e_ﬂ =—.
0 s 0 s
Suppose f(t) = e~ then
o] [e¢) 1
L _ / —at—st gt / _(S+a)tdt _ ]
/() 0 ©c 0 c st+a

Suppose t
f0) = [ gla)da.

Then f'(t) = g(t), so integrating by parts we have

Lf(s) = /0 T F(t)etdt

_ [_f(t)e r - l/°° —et (1) dt

S Jo

[V

0
e Sg(t)dt
0

Lg(S)‘

S

We have used
u= f(t)
dv = e St dt
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and
udv = d(uv) — vdu.

Let us compute Lsin(s). Integrating by parts we have

Lsin(s) = /oo sin(t)e **dt
0

. —st [e.e] 1 co
= [—ml + - / cos(t)e ' dt
S JO

§ 0

1 o)
= —/ cos(t)e *'dt
s Jo
1
) .
. cos(s)

Similarly we compute L cos(s)

Lcos(s) = /OO cos(t)e *'dt
0

_ [_ cos(t)e—stlOO - 1/000 sin(t)e~"tdt

s 0 S
1 — Lsin(s)
- - .

From above we have

S 52

Lsin(s) éLcos(s) _ % ll — Lsin(s)} _ 1= Lsin(s)'

Solving for Lsin(s), we find

and
S

s24+1°
Let U(t) be the unit step function with step at ¢ = 0. The unit step
function at tg is

Lcos(s) = sLsin(s) =

U (t) = U(t —to).
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Proposition
L(Usy (1) f(t = to)) = e L(f(1)).
Proof. -
LU= to)f(t—10)) = [ 70t~ to) f(t = to)dt

_ [ e S f(t —to)dt

= /Ooo e‘s(t”O)f(t)dt
= e L(f(1)).

Example.Suppose the forcing function on the right side of the following
equation is an impulse function at the point ¢3. Then

o+ kPr = 6(t — o)

La(s)(s* + k?) = e~ tos

e—tos

s2 + k2
= L(U(t — to) sin(t — ty))

Lz(s) = = e "% L(sin(t))

So the solution to the differential equation is
z(t) = Uy, sin(t — ty),

assuming the initial conditions are z(0) = 0,2(0) = 0.
Example.

y"(8) = y"(1) + o' () — y(t) = F(t),y(0) = '(0) = y"(0) = 0.
Applying the Laplace transform, we have
L{y()(s* = * + 5 —1) = L(y(t))(s — 1)(s* + 1) = L(F(t)).

So
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Using partial fractions

1 1 s 1

9 _ _
(s—=1)(s2+1) s—1 s2+1 241

So
1

P Ty

= e' — cos(t) — sin(t).

Let
g(t) = €' — cos(t) — sin(t).

Then we have
2L(y(t)) = L(F'(t))L(g(1)).

The Laplace transform of the convolution of two functions is the product of
the transforms. Thus

2L(y(t)) = L(F x g(1)).
So

2(t) = F x g(t) — /0 Pt — 1)g(r)dr — /0 Pt — 7)€ — cos(r) — sin(r)dr.

40.2 Bessel Functions

The Bessel function of the first kind of order v is

; (t) B i (_1)mtl/+2m
S eIl (v +m A+ 1)

This may also be written as

Y X2 (—t2/4)k
) = (5) kzzo KO+ k+1)

40.3 Relation to the Fourier Transform

We define the Fourier transform as

flwy= [ pwear

—00
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Some authors define it with a constant multiplier in front. The Fourier
inversion theorem is

1 oo o ,
fw) =5 [ fw)etdo.
2T —00
The double sided Laplace transform is
F(s) = / T F(t)e .

The single sided definition follows from this if f(t) is zero for ¢ < 0. Let
s = ¢ +iw. Then F(s) is the Fourier transform of g4(¢t) = f(t)e™%, that is

F(s) = / T p(t)e et

—00

= Jp(w).

For more on this see the section on the inversion of the transform.

40.4 Laplace Transform Table

http://www.vibrationdata.com/math/Laplace_Transforms.pdf
or local file:

c:/je/pdf/Laplace_Transforms.pdf

40.5 The Inversion of the Laplace Transform

We define the Fourier transform as
flwy= [~ e ar

Some authors define it with a constant multiplier in front. The Fourier
inversion theorem is

f@ =5 [~ fopede.

")
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The double sided Laplace transform is

F(s) = / T p(t)estdt,

—00

Let s = ¢+ iw. Then F(s) is the Fourier transform of g4(t) = f(t)e~%', that

1S 00
F(s) = /_ F(t)e e dt

= gs(w).

Formally applying the Fourier inversion theorem, we have

Fie = o= [~ Gofw)e do

")

1 oo ,
/ F(s)e™'dw.

")

Then
1

T on
. [ Fls)eta
= — s)e as
2mi Je, ’

where Cy is the Bromwich contour defined by

f(t) /_O:O F(s)e? e dw.

{¢p+iw: —00 < w < oo},
Note that ¢ appears in the expression 27¢ because
ds = idw.

In general we will find that if we define a closed curve consisting of a finite
line of length 2R on the Bromwich contour, and a semicircle of radius R to
the left, then as R goes to infinity, the integral over the semicircle goes to
zero, so that the total integral over the curve is equal to the integral on the
Bromwich line, which is thus equal to 27 times the residues of F'(s)e® in the
left half-space bounded by the contour. Our inversion expression is therefore
equal to the sum of the residues themselves. We get the single sided Laplace
transform from the double when f(¢) is equal to zero for ¢ < 0.
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Example: Consider

for R(s) > 1. The residue of F(s)e* is

lim(s — 1)F(s)e® = .

s—1

Therefore
f(t) =€

Example: Consider

1 1

Fo) = a3 =006+

for R(s) > 0. The residues of F(s)e* are

lim(s — i) F(s)et = <,
S—1 2’&
and y
6—7,
li NE st __
sinili(s +1i)F(s)e —or
Therefore . .
ezt _ 6—zt )
f(t) = 5 sin(t).

40.6 The Laplace Transform in Maple

See my documents maple.tex and mapletwelve.tex, titled Quintessen-
tial Maple V and Quintessential Maple XII. The computer Algebra
program Maple, like many software programs changes a bit from time to

time, so new documentation is required.

40.7 Solving a Differential Equation With The Laplace

Transform Using Maple

This section has been made compatible with Maple 12. We read the following

file into Maple:
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% cat mlaplace

with(invtrans)

de:=diff (y(x),x,x)+2*diff (y(x) ,x)+y(x) = sin(2*x);
dsolve({de,y(0)=1,D(y) (0)=1},y(x));
laplace(de,x,s);

subs (laplace(y(x) ,x,s)=G,%) ;

solve(",G);

subs ({D(y) (0)=1,y(0)=1},%) ;

invlaplace(%,s,x);

The above code was pasted into Maple 12. The laplace transform would-
not work, until I blundered onto some information that the laplace transform
and inverse laplace transform are in the inttrans package that must be loaded.
Also the previous expression representation had to be changed to per cent
sign from the double quote sign. Maple 12 gives equivalent though different
forms for the results calculated by Maple 5, and which are listed here. The
session is as follows:

> de:=diff (y(x),x,x)+2*diff (y(x) ,x)+y(x) = sin(2#*x);

de = (%ﬂ@) 42 <%y(:ﬂ>) +y(z) = sin(22)

> dsolve({de,y(0)=1,D(y) (0)=1},y(x));

4 3 . 29 12
y(x) = —2—5cos(2x)—2—581n(2x)+2—5e(_x)—i-ge(_x)x

> laplace(de,x,s);

(laplace(y(z),x,s)s—y(0))s—D(y)(0)+ 2laplace(y(x),z,s)s
1

—2y(0) + laplace(y(x), z,s) :2m
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> subs(laplace(y(x),x,8)=G,%);

1
Gs—vy(0 —-D 0 2Gs—2v(0 G=2
(Gs—=y(0))s=D(y)(0)+2Gs—2y(0)+ 214
> solve(%,Q);
(0)=D(y)(0) —2y(0) — 2
_ 5y y Y s2 44
s24+2s54+1
> subs ({D(y) (0)=1,y(0)=1},%);
1
—s—3-2
5 524+ 4
s24+2s54+1
> invlaplace(%,s,x);
4 3 29 12
—2—5005(2x)—2—5sin(2x)+2—5e(_w)+€e(_””)x

The solution using dsolve, and the solution using the Laplace transform

method are the same.

40.8 Solving Circuit Problems With the Laplace Trans-

form

Resistor Capacitor Circuit Let a circuit consist of a constant voltage
source V' be in series with a Resistor R and a capacitor C. The voltage loop

equation is
Rilt) + % [ itrr + & = v
1 c OZT Tto =V
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where i(t) is the current, and ¢o is the initial charge on the capacitor. We
have

L)+ 56— *®”es ~ &
Then y 1 . B CV — a0
Z(S)< * RCs> ~ "RCs
e Lt = CV =0 _ CVIRO) — ao/(RC)
 ROs+1 s+ 1/(RC)
Then 1
Li(s) = (V/R — QO/(RO))W'

So taking the inverse transform
i(t) = (V/R = qo/ (RC))e™" .

To find the charge we integrate

alt) = (V/R = a0/ (RC)) [ et/
= (V/R — qo/(RC))(~RC)e R 1 K,
where K is a constant. So
q(t) = (q — VC)e_t/(RC) + K

At zero
g = q(0) = (q - V() + K,
so K = V(. Finally

q(t) = qoe D L VO (1 — e7/(BO),
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