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1 Biography

• Joseph Fourier (born March 21, 1768, died May 16, 1830).

• Son of a tailor.

• Educated by monks in a military school.
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• Spent much time by himself studying mathematics.

• Rejected by the army for the artillery, not being of noble birth.

• Entered the Benedictine order, pursuing the only other opportunity
open to him for an intellectual life(1787-1789).

• Left the monastery at the outbreak of the revolution.

• Appointed by the monks to the principal chair of mathematics at their
school in Auxerre.

• Embraced the cause of the French revolution at Auxerre

• Member of the Citizens Committee of Surveillance, but exercised
such moderation that he was in danger himself of the Terror.

• Chosen in 1794 to teach in the new Normal school.

• Was noticed by Napoleon, when Napoleon attended lectures at the
Polytechnic school.

• Had A leading role in Napoleon’s scientific expedition to Egypt in 1798.

• As Secretary of the institute of Cairo he instigated the Description
of Egypt report.

• He returned to France in 1802 and managed various public improve-
ments.

• Submitted a two part memoir for the prize competition of 1812 on
the ”Mathematical Theory of the Laws of the Propagation of
Heat...”

• Judges, Laplace, Lagrange, and Legendre, awarded him the price.

• The first part of his memoir was published in 1822 as Thorie Ana-
lytique de la Chaleur, which contains his theory of trigonometric
series, later known as Fourier series.

• On Napoleon’s return from Elba in 1814, he had a minor conflict with
Napoleon and lost his political status. He was now penniless.
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• Later in life he regained somewhat his former status, and scientific
reputation, in France.

• Fourier died May 16, 1830.

2 The Heat Equation

Heat flowing in a material has a direction that is perpendicular to the contour
lines of equal temperature. Let F be the heat flux (flow) vector that has the
direction of the heat flow, and has the property that if ds is an element
of surface area, and n is a unit surface normal, then the rate of heat flow
through the element is the dot product of F with nds. That is, the rate of
heat flow is

F · nds.

Let A be a bounded region with boundary ∂A. The rate of heat flowing into
the region is obtained by integrating over the boundary surface

dq

dt
= −

∫
∂A

F · nds

Using the divergence theorem this becomes

dq

dt
= −

∫
A
∇ · Fdv,

where the divergence of F is

∇ · F =
∂Fx

∂x
+

∂Fy

∂y
+

∂Fz

∂z
.

Note that the minus sign occurs because n, the normal to the surface, is
an outward normal. The heat conduction vector F is proportional to the
gradient of the temperature, thus

F = −k∇u,

where u is the temperature and k is the conductivity. Then we have

dq

dt
=

∫
A
∇ · (k∇u)dv.
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The rate of change of heat in the body is

dq

dt
=

∫
A

cρ
∂u

∂t
dv.

Equating the two expressions for the rate of change of the heat energy in the
body, we have ∫

A
∇ · (k∇u)dv =

∫
A

cρ
∂u

∂t
dv.

Equating the integrands we get the heat equation:

∇ · (k∇u) = cρ
∂u

∂t
.

If we assume that the conductivity is constant, the heat equation becomes

∇2u = K
∂u

∂t
,

where
K =

cρ

k
,

and the Laplacian is

∇2u =
∂2u

∂x2
+

∂2u

∂y2
+

∂2u

∂z2
.

3 Fourier Series via the Heat Equation

Suppose we have a thin rod of length 1, that at an initial time t = 0 has a
temperature distribution h(x), where x is the distance along the length of
the rod. Suppose the rod is insulated except at its ends. Suppose at time
t = 0 heat sources at temperature u = 0 are placed in contact with the ends.
We are to calculate the temperature in the rod over time. The heat equation
for this one dimensional problem becomes

∂2u

∂x2
=

∂u

∂t
,

where we have taken K = 1 for simplicity. We solve this problem using the
technique of separation of variables. We assume that the solution is given as
a product of two functions
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u(x, t) = f(x)g(t).

Then the heat equation becomes

f ′′(x)g(t) = f(x)g′(t)

or
f ′′(x)

f(x)
=

g′(t)
g(t)

.

But x and t are independent variables, so if the two sides of this equation
were not constant then we could say vary x, but not t, and make the two
sides not equal. It follows that the two sides are equal to a constant, which
we write as −λ. Then

f ′′(x)

f(x)
=

g′(t)
g(t)

= −λ,

and we get two ordinary differential equations

f ′′(x) + λf(x) = 0

and
g′(t) + λg(t) = 0.

The number λ is called an eigenvalue, and a corresponding solution is called
an eigenfunction. Let ω2 = λ

The solutions to the first equation are

f(x) = a cos(ωt) + b sin(ωt),

where a and b are constants. A solution to the second equation is

g(t) = exp(−ω2t).

On the end x = 0, the boundary condition on u gives

0 = u(0, t) = f(0)g(t) = (a cos(ω0) + b sin(ω0))exp(−ω2t) = aexp(ω2t).

It follows that a = 0, because the exponential function is never zero. On the
end x = 1, the boundary condition on u gives

0 = u(1, t) = f(0)g(t) = b sin(ω1))exp(−ω2t),
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which forces
sin(ω) = 0,

and implies that ω = nπ, where n is an integer. So for each n = 1, 2, 3, ... we
have a solution

un(x, t) = bn sin(nπx))exp(−n2π2t).

But none of these solutions necessarily gives the initial temperature distrib-
ution h(x) on the rod. However, the sum of these solutions is also a solution,
so let us write

u(x, t) =
∞∑

n=1

un(x, t) =
∞∑

n=1

bn sin(nπx))exp(−n2π2t).

If we can choose the constants bn, n = 1, 2, 3, ... so that the initial temperature
distribution is matched then this will be a solution to our problem. So we
require

h(x) = u(x, 0) =
∞∑

n=1

bn sin(nπx)).

Fourier in his book The Analytical Theory of Heat introduced the
trick of taking the inner product of sin(mπx) with the series in order to
compute bm. It turns out that the functions

φn(x) = sin(nπx), n = 1, 2, 3, 4, ....

are orthogonal. That is

(φn, φm) =
∫ 1

0
φn(x)φm(x)dx = 0,

if n �= m. So to compute bm we take

(h, φm) =
∫ 1

0
h(x)φm(x)dx

=
∫ 1

0
h(x) sin(mπx)dx

=
∞∑

n=1

bn

∫ 1

0
sin(nπx) sin(mπx)dx.

6



= bm

∫ 1

0
sin2(mπx)dx.

This determines bm. Fourier, in his book, from boundary value problems
similar to the one above, made the claim that every function defined on an
interval, is given as an infinite sum of sines and cosines. This is essentially
true, although it depends on the continuity properties of the function. In
honor of Fourier, such trigonometric sums are now called Fourier series.

4 Fourier Series

Given a function f(t) defined on an interval [0, T ], it can be expanded in a
Fourier series

f(x) =
a0

2
+

∞∑
n=1

(an cos(nωt) + bn sin(nωt)),

where

ω =
2π

T
,

and where

an =
2

T

∫ T

0
f(t) cos(nωt)dt, n = 0, 1, 2, 3, ...

bn =
2

T

∫ T

0
f(t) sin(nωt)dt, n = 1, 2, 3, ...

The series converges, depending on the properties of the function f . The
term

an cos(nωt) + bn sin(nωt)

is called the nth harmonic. In the case of a sound wave, the harmonics
determine the character of the sound and thus the difference in sound between
say a saxophone and a violin, and also explains why an electric guitar sounds
like a toothache, and a banjo sounds like several empty beer cans falling
down the steps.

The Fourier series also has an exponential form. So expanding the ex-
ponential, sine, and cosine functions in a Taylor power series, we have for a
complex variable z

exp(z) = 1 +
z

1!
+

z2

2!
+

z3

3!
+ ...
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cos(z) = 1 − z2

2!
+

z4

4!
− z6

6!
+ ......

sin(z) =
z

1!
− z3

3!
+

z5

5!
− x7

7!
+ ......

Then

sin(z) =
exp(iz) − exp(−iz)

2i
,

and

cos(z) =
exp(iz) + exp(−iz)

2
.

So the fourier series can be written as

f(t) =
∞∑

n=−∞
cn exp(inωt),

where

cn =
1

T

∫ T

0
f(t) exp(−inωt)dt.

We find that

cn =
an − ibn

2
, n > 0

cn =
an + ibn

2
, n < 0

c0 =
a0

2
.

Note that if m �= −n, then

∫ T

0
exp(inωt) exp(imωt)dt

=
∫ T

0
exp(i(n + m)ωt)dt

=

[
1

i(n + m)ω
exp(i(n + m)ωt)

]T

0

=
1

i(n + m)ω
[exp(i(n + m)ωT ) − 1]

= 0,
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because

exp(i(n + m)ωT ) = cos((n + m)2π) + i sin((n + m)2π) = 1.

And if m = −n then

∫ T

0
exp(inωt) exp(imωt)dt

=
∫ T

0
dt = T

5 The Fourier Transform

A periodic function f of period T may be expanded in a Fourier series as
outlined above. If the period goes to infinity we can give an argument,
intuitive, but not really rigorous, that the Fourier series goes to what is
called the Fourier transform

The Fourier transform of the function f is defined as (Richard R. Gold-
berg, The Fourier Transform, Cambridge, 1965.)

f̂(ω) =
∫ ∞

−∞
f(t)eiωtdt.

By the Fourier integral theorem

f(t) =
1

2π

∫ ∞

−∞
f̂(ω)e−iωtdω.

The role of the Fourier series coefficients {cn}∞−∞ are taken over by the func-

tion f̂(ω). We are said to map the time domain function f(t) to the frequency
domain f̂(ω). We can think of each cn being a sample point f̂(ωn), for a pe-
riodic function of very large period T .

6 The Discrete Fourier Transform

Now in the practical use of Fourier series we are not concerned with all of
the harmonics in a Fourier expansion, because the frequencies become too
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high to be of any consequence. So we replace the infinite sum with a finite
sum. Say

f(t) =
N∑

n=−N

cn exp(inωt).

We have a transformation of a function f(t) defined in the time domain
to a finite set of coefficients of the harmonics

f → {c−N , c−N+1, ......c0, ....., cN−1, cN},
in the frequency domain. The next step in practical calculation is to re-
place the function f(x) by a finite set of samples of the function. So in this
way our mapping becomes a mapping of discrete points to a set of discrete
points. This is called the Discrete Fourier Transform or DFT. This is what
is calculated as the Fourier Transform in software libraries. In digital signal
processing we calculate the frequency content of the signal or wave using the
DFT. In digital image processing we use a two dimensional DFT to compute
the frequency content of an image. An algorithm was discovered, or perhaps
rediscovered, 30 years ago or so ago, that made these calculations practi-
cal on a computer. This algorithm is called the Fast Fourier Transform or
FFT. This made possible Computer Aided Tomography, fast determination
of molecular structure using X-ray crystallography and so on. The use of the
FFT is ubiquitous, and it is hard to find areas in which it is not important.

One should mention that the classical Fourier Transform is a mapping
from a function f(t) in the time domain defined on an infinite interval to a
frequency function g(ω) also defined on an infinite interval.

7 Abstract Harmonic Analysis

There is a field in pure mathematics related to problems such as these that
is called Abstract Harmonic Analysis. In this abstraction, Fourier series,
and Fourier transforms, have the same abstract structure.

8 Higher Dimensional Transforms

Higher dimensional transforms are defined in a similar way to the one dimen-
sional transforms, so the role of ωt, or kx in the spacial case, is taken over
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by the inner product of two vectors k · x. For example, the two dimensional
transform plays a big role in Digital Image Processing.
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