Numerical Analysis

James D Emery

12/15/97

Contents

9

Polynomial Evaluation

Roots of a Cubic Polynomial

Synthetic Division and Newton’s Method
Tschebyscheff Approximation

The Maximum Curvature of a Cubic Polynomial
Ferguson Cubics

Hermite Interpolation

On The Determination Of Maximum Curvature Of A Cubic
(Dixon)

The Analysis

10 The Trapezoid Rule For Numerical Integration

11 The Truncation Error of the Trapezoid Rule

12 The Adams-Moulton Formula

13 The Euler Method

10

10

11

11

15

15

16

18



14 The Taylor Series Method 18

15 Runge-Kutta Methods 19
16 Derivation of a Second Order RungeKutta Method 19
17 The Fourth Order RungeKutta Method 19
18 Richardson Extrapolation 24

18.1 A Single Extrapolation . . . . . . ... ... ... ... 24

18.2 Repeated Richardson Extrapolation . . . . . . . .. ... ... 24
19 Common Applications 25
20 Solving Differential Equations Using Finite Differences 26
21 Central Force Example 26
22 Stiff Equations 27
23 Eigenvalues 30
24 The Jacobi Method For Locating Eigenvalues 31
25 Leverrier’s Method for the Characteristic Polynomial 33

1 Polynomial Evaluation
Let a polynomial have the form
p(z) = ag + a17 + agx® + azz® + ... + a,z™.

We shall find an economical way to evaluate the polynomial and its deriva-
tives at a point c. If we divide by x — ¢ we obtain a polynomial ¢"(z) and a
remainder ro. That is

p(@) = (z = c)g’(x) + 19

= (z — ¢)(by + bow + bya® + ... + bz ") + by



Therefore we may compute ¢° and ry as follows. We have

bn = Qp,

bn—l = Qp_1+ Cbna

bn—2 = ap_2+ Cbn—h

bo = ag + Cbl,
and

To = bo.
Now we repeat this division n — 1 more times getting

¢’(z) = (z = o)g'(x) + 11,

¢'(z) = (x = g’ (x) + 12,

¢"1(z) = (z = )¢" (@) + 101
We have divided p(z) by x — ¢, n times, so that

qn_l (33) = Qnp-
Then

p(x) = (z = c)q’(x) + 19

(z —o)((z = o)g'(z) + 1) + 70
=(z—0)¢

() +r(z —c)+rg

an(z — )" +rp_1(x— )" Frpa(z — )" 4 .+ 1.
Differentiating k times for 0 > k£ > n, we have

p®(c) = klry,
where we take r,, = a,,. In particular the value of the polynomial at c is
p(c) = ro.

The following subroutine does this calculation.
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c+ polval value of polynomial and derivatives
subroutine polval(a,n,x,f)
implicit real*8 (a-h,o0-z)
input:
a-polynomial coefficients: p(x)=a(1)+ a(2)x+...+a(n+1)x"n
n-degree of polynomial
x—evaluation point
output:
f-0 thru nth derivatives at x: p(x)=f(1), p’(x)=£(2), p’’ (x)=£(3)
method: repeated division by (x-c) ( see numanal.tex)
11/16/94
dimension a(x),b(50),f (x)
k=n+1
do 10 i=1,k
b(i)=a(i)
10 continue
b(k+1) = 0.
do 30 i=1,n
if(i .eq. 1)then
m=1

O 0o o0 o0 o0 o0 o0 0

else
m=m* (i-1)
endif
do 20 j=k,i,-1
b(j)=b(j) + x*b(j+1)
20 continue
f(i) = m*b(i)
30 continue
f (k) =m*nx*a (k)
return
end

2 Roots of a Cubic Polynomial

First we transform a real root to the unit interval. Let the cubic equation be

2+ ar?+br+c=0.
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Let B = -sign(c) and 2’ = Bx. Then
2" 4 afBx”® + br' —|c| = 0.
Let a = \3/H and " = 2’ /a. Then

ﬁ "2

2+ :17 +—x—1—0.

Define f(x”) by the right side of this equation. We have f(0) = —1 and
f(00) = oo so there is a positive root. If f(1) > 0 then there is a root
between 0 and 1. If f(1) < O then there is a root greater than 1. In that
case let 2 = 1/2” and then

b af
x///?; - — x///z —
«Q

—-1=0

has a root between 0 and 1. A real root of the original cubic is

r = afx]
or
of
T = ,r/ll/

3 Synthetic Division and Newton’s Method

We may write a polynomial
p(r) =ap+ a1z + ... + aa”
in nested form as
ap + x(ay + x(ay + x(az + ... + z(a,_1 + xay,))..).
To evaluate p at ¢ we compute
b, = a,

bn—l =ap1+ Cbn



bo = ag + Cbl.
Then p(c) = by. Let

q(x) = by + box + ... + bzt

Comparing like terms we see that

We have J p
P _ _ 2%
L= gla) + (=)
and ap(c)
p(c

Then Newton’s method for a root ¢ of p(x) is

Cm — C

ooime o Plem) b b
mE "™ dp(cp)/dx " qlem) o

where
b, =b,, b, =b, +cpbra1, k=1,...,n—1.
4 Tschebyscheff Approximation
Suppose we are given the cubic polynomial
p(z) =2* + Az® + Br — 1

defined on the unit interval. We want to find the best quadratic approxima-
tion to this cubic in the minimax sense. That is we want to minimize the
maximum difference on the interval.



The Tschebyscheff polynomial of degree n is defined by
T, (z) = cos(ncos ' (x)) = 2" o™ + ...

and has the amazing property that of all polynomials of degree n and leading
coeffient 277!, it has the smallest maximum absolute value on the interval
[—1,1]. This value is 1, which is attained in the interval n + 1 times. All the
zeroes of this polynomial lie in [—1, 1]. For the proof of this, see Interpolation
and Approximation by Philip J. Davis (Theorem 3.3.4 p. 62). The idea of
the proof is to assume that a second polynomial attains a smaller maximum
magnitude in [-1,1]. Subtract it from 7;,(z), getting a difference polynomial of
degree n—1. The n+ 1 extreme points of T),(x) are attained with alternating
sign, that is for example with a positive extreme value, then a negative, then
a positive and so on. It is then obvious from the graph of such a function
that if one draws a second curve which never attains these extremum values,
then it must intersect the first curve at least n times. These intersection
points correspond exactly to zeroes of the difference between the two curves.
But the difference is of degree n — 1 and can not have n zeroes, so there does
not exist such a polynomial. This proves the theorem.

Returning to the approximation problem, we transform the domain [-1,1]
of

Ts(z) = 42° — 3z

to the interval [0,1], using the transformation = +— (z + 1)/2. We find that
the Tschebyscheff polynomial becomes
322° — 482” + 18z — 1.

Dividing by 32 we have

This polynomial has the smallest maximum magnitude of any monic cubic
polynomial on [0,1] (monic means that the high order coefficient is 1). The
maximum magnitude attained is 3%

Consider the original cubic p(x) written as

p(x) =2’ +q(2)



We replace the 23 term by the negative of the quadratic part of the normalized
Tschebyscheff polynomial, getting a quadratic

3 9 1
r(z) = 5272 ~16% + ) +q(x).

Then 3 9 | |
Because p(0) = —1 we have ||p(z)|| > 1 so the relative error is less than 1/32,
which is about 3 percent. The explicit quadratic approximation is

ra) = (A+ )2+ (B = 0o~ (55)

5 The Maximum Curvature of a Cubic Poly-
nomial

We will start by locating the extreme points of the cubic. Let
f(z) = ax® + bx® + cx + d.

The second derivative is zero at the inflection point, which is

b
o=——.
3a
To eliminate the squared term, let z = z — «, then
f(x) =h(z) =az® + c.z +d.,

where
C,=c¢— —.
: 3a
The cubic is an odd function about the point (o, d,). The second derivative
is also an odd function, so the curvature of the cubic is an odd function about
the point a. The curvature of f is

1 6ax + 2b

rip(w) = (1+ £2)32 (1 + (3az? + 2bx + c)2)3/2
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The curvature is preserved by the translation and

h//

k(z) = kp(2) = e DR

k' is zero at points of extreme curvature. At an extreme point we have
0= k.(1+h?)%% = h"(1+ h'?) — 30"}
Let g(z) be the right side of this equation. We find that
q(z) = Az' + B>+ C =0,

where
A= —270a, B = —T72a%c,,C = 6a(1 + ).
Let w = 22, then
Aw? + Bw+C =0.
The roots are
(9¢2 +5)1/2 — 2¢
15a ’

wp =

and
(9¢2 4 5)1/2 4 2¢
—15a ’

If @ > 0 then w; is the positive root, while if a < 0 then w, is the positive
root. Let w be the positive root, then the extreme points are

Wy =

and

The curvatures at these points are negatives of each other because of the odd
symmetry of the curvature about the inflection point. If a is zero then the
maximum curvature occurs at the local extremum of the parabola, which is

<

20
If a and b are zero, the curvature is zero everywhere. See FORTRAN sub-
routine cubicx and the Maple derivation minl5 (4/17/91).

xr=
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6 Ferguson Cubics
A Ferguson cubic takes the form
r(u) = ro(1 — 3u? + 2u®) 4+ 1 (3u? — 2u®) + 7o (u — 2u? + u®) + 71 (—u® + u?),
where u is a parameter in the interval [0, 1]. Then
r(0) = ro,r(1) = r.
The derivative is
(u) = ro(6u® — 6u) + r1(6u — 6u?) + 7o(1 — du + 3u?) + 71 (—2u + 3u?).

Then
7(0) = 79, 7(1) = 71.

The second derivative is

P(u) = ro(—6 + 12u) + r1(6 — 12u) + 7o(—4 + 6u) + 71 (—2 + 6u).

7 Hermite Interpolation

Given a set of n points {p;} and n tangent angles {6;}, we shall construct a
c1 piecewise cubic that interpolates these values. From a tangent angle 6 we
may construct a unit tangent vector

dr

= (cos(f),sin(f)).

For the Ferguson cubic we need

_ dr _drds
T_du_dsdu'

Consider an interpolation point. Let A_s and A,s be the previous and
following chord lengths. Let the average chord length be

 A_s+Ays
==

As
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The u parameter will vary from 0 to 1 between successive points. Therefore

ds _As
du 1
We shall approximate 7 by

dr
—As.
ds °

In the case of an endpoint, we shall make the obvious modification. Let the
curve parameter ¢ take values on the interval [0,n—1|. Then if k <t < k+1,

the local parameter is
u=t-—k.

This curve interpolates the given values, and is continuous, and has contin-
uous velocity. Also the chord length approximates the arc length, and the
curve should tend to have the same shape as the data. Note that if the speeds
at the knots, the ||7||, are arbitrary, then the curve may overshoot and may
have cusps or loops, and then the chord length may not approximate the arc
length, and the shape may not be the same as the data. We may wish to
convert, the resulting curve to Bezier or B-spline form.

8 On The Determination Of Maximum Cur-
vature Of A Cubic (Dixon)

Cubic splines have found frequent use in computer aided design and manu-
factoring. As such it is of interest to be concerned as to the nature of its’
curvature, in particular where its’ maximum curvature occurs. Towards this
end, let us consider a general cubic given by:

f(z) = az® + ba® + cx +d (1)

9 The Analysis
The curvature of (1) is defined as:

/" (@)

= et
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We elect not to use the absolute value of the second derivative as we are
concerned here about the nature or direction of the curvature as well as its’
magnitude.

By setting the derivative of (2) equal to zero, we can determine the critical
points of (2), hence locating where its’ curvature is maximum. After doing
this and some algebra we obtain:

Fr(@)1+ f(@)*] = 3" (@)’ f'(x) = 0 (3)

Substituting the expressions for the first, second and third derivatives of
(1) into (3), and more algebra we have a quartic equation given by:

a[l + (3az? + 2bx + ¢)?] — 2(3az + b)*(3ax® + 2bx +¢) =0 (4)
Let us consider the function of the left hand member of (4) given by:

g(x) = a[l + (3az® + 2bx + ¢)?] — 2(3ax + b)*(3az® +2bx +¢c)  (5)

We will prove two properties: first, that z = g—;’ is a root of ¢’(x) and
second, that (4) has a pair of complex roots for which 7 is the real part. We

have:

g () = (3ax +b) - G(x) (6)

where,
G(z) = —4[a(3az® 4 2bx + ¢) + (3ax + b)?] (7)

This shows the first property that we wanted to prove, that ¢'(z) = 0.
This also implies that (Z,¢(Z)) is a critical point of g(z). Closer analysis
reveals that Z is a root of the second derivative of (1), which means that it
is a root of (2). And verification of the second property indicates that it is
the value of the independent variable where (1) changes its’ concavity.

Let us now write g(x) in standard form as follows:

g(z) = Az* + Ba* + C2* + Dx + E (8)

where,
A = —45q° 9)
B = —60a% (10)
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C = —2a(6ac+ 13b%) (11)
D = —4b(2ac+ b%) (12)
E = a+ac® —2bc (13)

It is well known that cubics are anti symmetrical about their inflection

points. Hence, (1) is antisymmetrical about Z. We have in (8) a quartic that
was derived from setting the derivative of (2) equal to zero and simplifing.
Therefore, since ‘A’ determines whether its’ tails will be above or below the

x_

axis, to prove the second property it suffices to show that A - G(Z) < 0.
Substituting = g—;’ into (8) we get,after some algebra:

9(#) = all + (c = 57

Thus, A - g(%) = —45a*[1 + (c — £)?] <0
Q.E.D.

Let the complex roots of (8) be given by:

“:f+W} (14)
o =T — v
Then one of the quadratic factors of (8) is:
q(x) = (x —r)(x —ro) = 2% — 20w + (32 +0?) (15)
Let the other quadratic factor be given by:
¢@(z) = ar? + Br + (16)
Then we have:
9(x) = q1(x) - g2(x) (17)

or

Azt + B2 + Ca® + Dx 4+ E = [2° — 25z + (22 + 0?)][ax® + Sz + ] (18)

And after some algebra we get:
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= « (19)
= (-2« (20)

v — 286 + a3 + v?) (21)
B(7* +v?) — 27« (22)
(7 +0?) (23)

QW
I

From (19) and (20) we readily get « = A and (3, where

8 =B+2iA (24)
And from (23) we get
E
Pt =— (25)
g
Making these substitutions in (21) we obtain:
AE
v—28(B+25)A+—=C (26)
gl
or
v — [28(B + 23A)]y + AE = C (27)

Using the quadratic formula to solve for v we get:

[23(B + 22A) + C] £ \/[23(B + 22A) + C]2 — 4AE
2

Since « is a non zero function of a, we use (21) to solve for v. Which
yields:

v = (28)

U:\/C—V +2jl(B+2xA)_572 (29)

Where ' is the v obtained from (28) using the sign that causes the v in
(29) to be real.

Thus, we have the complex roots of (8) given by (14), and since a factor
of (8) is the quadratic expression in (15)
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2% — 237 + (7% +0v?) (30)
by dividing (30) into (8) we can obtain the quadratic expression given in (16),

which is the other factor of (8). The result of carrying out this operation, or
by simply using (19),(20) and (21), yields:

Az® + (B +2A3)x + {[C — A(Z* + v?)] + 2%(B + 2A7)} (31)

The quadratic formula readily gives the roots of (31), which are the real

roots of (8) and the values of the independent variable where the cubic (1) at-

tains maximum curvature. That is (Z, k(Z)) is a point of maximum curvature
of (1), where Z is a root of (31).

10 The Trapezoid Rule For Numerical Inte-
gration

The integral of a real function on an interval [a, b] may be approximated by
dividing the interval into n subintervals

a=11<Ty<..<x, =0,

and taking the sum of the trapezoidal areas formed under the curve at each
subinterval. Thus we have approximately

/ab f(z)dr = Ax [f(;) + 2 flx) +

where Ax is the length of the subintervals. The truncation error of the
trapezoid rule is relatively large. When we can evaluate the function freely at
any point, the trapezoid rule can be combined with Richardson extrapolation
to give an accurate algorithm called Romberg integration.

I
2 )

11 The Truncation Error of the Trapezoid
Rule

Consider the integral

/:Jrh f(u)du.
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Let ¢’ = f. Then

[ Fdn = g+ 1) - g(a)
g (x)h+ g"(x)h? /2! + ...
f(x)h+ f(x)h?/2! + ...

and

fx+h) = flx)+ fl(x)h + f"(x)h*2 + .....
Solving for f'(x), we get
f'@) = [f(z+h) = fla) = f'(x)h?/2!

Substituting for f’, we have

—.]/h.

/ flu D) bt (h)2)[f (z+h)— F () — " (2)h2 /21— ]+ F"(2)h® /6 +..

= (f(z+h)+ f(2)h/2+ "(2)h*(1/6 — 1/4) +
= (f(z +h)+ f(2)h/2 = f'(E)R/12,

where

r<&<x+h

12 The Adams-Moulton Formula

We will compute the approximate solution to first order differential equation

dx
© — f(tm),

as a discrete sequence

{(tz,]}Z) 1= 1,2, 3,4, }

Suppose x(t) is the actual solution of the differential equation. Using the
trapezoid rule

w(tiy1) — o(t;)

[ et
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= h(f(ti, 2(t:) + [ (tirr, 2(tin1)) /2 = (B /12)2(€).
We compute the numerical solution sequence iteratively using the implicit
equation
T = i + (1/2)(f(ti, v5) + f(tizr, Tiga))h.
Then

Tivr — a(tiv1) = @ — x(ts) + (1/2)(f(ti, 25) — f(ts, 2(t:)))h
H(1/2)(f (tiv1s Tig1) — f(tivr, 2(tiga)))h
—(h*/12)2™(¢).

Of(tis1,m)

=0+0+—7 (i1 — x(tigr)) — (h*/12)2P(€),

Solving this equation

hOf(tivr, ), h*

Tipr — o(tipr) = 1/[1 — 5 or ]ﬁx(g)(f)-

Expanding the first factor as a geometric series we have

h3

P )

This is an implicit third order method. The implicit equation for x;; can
be solved by fixed point iteration. The equation takes the form z = g(z) and

for small enough h,

Tiy1 — ¢(tiy1) =

dg
dz

So the iteration converges. This formula, which functions as a corrector, may
be used in a predictor-corrector method. The predictor is the formula,

Tiy1 = Ti—1 + 2hf(t;, x;),

<1

derived from the central difference approximation to the derivative. Expand-
ing x(t;11) and x(¢;_1) in a taylor series, and subtracting, we get

flﬁ'(ti_;,_l) — x(ti_l) = 2[E,(tl)h -+ 2$/,/(t1)h3/3' + ...
Taking x; 1 = x(t;_1) and z; = x(¢;) we find
T(ti) =z = 2" (6)R° /3 + ...

So the local truncation error is of order three. The difference of the predictor
and corrector gives an estimate of the local truncation error

17



13 The Euler Method

Consider the differential equation
y' = flx,y)

This solution method is the first order approximation
To=x1+h

Yo = y1 + f(x1,y1)h.

14 The Taylor Series Method

Consider the differential equation

y/ = f(xvy)

Let us express the solution as a Taylor series

IR Y
Y\ Ty
W YIS
j=0
We have of  of
" _ Y Y
Let f;; be the ijth partial of f. Then we may write
y'= [+ fof

We may continue this and get

y" = fi1+2fiaf + foof? 4+ fif2 + [,

and so on. Thus, knowing f(z,y) we may compute the partial derivatives
of f to get the derivatives of y, and then substitute these into the Taylor
series to get the next step of y. The truncation error then depends on the
the number of terms taken.

18



15 Runge-Kutta Methods

A Runge-Kutta method gives a solution to the differential equation

y'(z) = fz,y)

in the form

Yit1 = Yi + Z a;k;
j=1

where
ky = hf(%'a yz‘)
ky = hf(x; + pih,yi + q1k1)
ks = hf(x; + pah,yi + g k1 + gaoko)
kn =hf(z; + poo1h, Yi + Gno11k1 + .. + Gn—1n—1kn—1)

We derive these equations by equating terms with the equations given by the
Taylor series method.

16 Derivation of a Second Order RungeKutta
Method

See Eng 304 notes.
17 The Fourth Order RungeKutta Method

1
Yir1 =Y + é(kl + 2ko + 2k3 + ky)

kv =nhf
ko = hf(x; +h/2,y; + k1/2)
ks = hf(x; + h/2,y; + ko/2)
ky=hf(z; + h,y1 + k3)

The error per step is of order h’.
A Fortran subroutine for a single step:
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c+ rk4je runge-kutta differential equation step

O 0O o0 o0 o0 0 0 o0 o0 0 00 00

subroutine rk4je(y,dydx,n,x,h,yout,derivs)
implicit real*8(a-h,o-z)
modified version of rk4 (numerical recipes)

input:
y initial values of vector function
dydx initial values of vector derivative
n number of first order equations
y, dydx are n vectors.
X independent variable
h independent variable step
output:

yout  value of vector function after step h
derivs name of external subroutine that
calculates vector derivative.

Equation that is solved:
dy/dx = f(x,y), where f is defined by subroutine derivs

parameter (nmax=20)

dimension y(*),dydx(*),yout(*),yt(nmax),dyt(nmax) ,dym(nmax)

external derivs

hh=h*0.5

h6=h/6.

xh=x+hh

do i=1,n

yt (i)=y(i)+hh*dydx (i)

enddo

call derivs(xh,yt,dyt)

do i=1,n

yt (i)=y(i)+hh*dyt (i)

enddo

call derivs(xh,yt,dym)

do i=1,n

yt(i)=y(i)+h*dym (i)

dym(i)=dyt (i)+dym(i)

enddo

call derivs(x+h,yt,dyt)

do i=1,n
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yout (1)=y (i) +h6* (dydx (i) +dyt (i)+2.*dym(i))
enddo

return

end

A C++ program example:

//rk4je.cpp

#include <stdio.h>

#include <stdlib.h>

#include <math.h>

main(){

void rk4je(double *,double *,int,double,double,
double *,void (*)(double,double *,double *));
void derl(double,double *,double *);
int i,m,n,np,npa,k;

double y[2],dydx[2],yout[2],x,xend,h;

//c starting value of independent variable:
x=0.;

#define pi 3.14159265358979

//c ending value of independent variable:
xend=pi/2.;

//c approximate step size:

h=.001;

//c number of steps:

m=(xend-x)/h;

//c adjusted step size:

h=(xend-x)/m;

//c approximate number of print points:
npa=15;

//c steps between prints:

np=m/npa;

if (np < 1)np=1;

n=2;

y[0]=0.;

y[1]l=1.;

printf ("%d %21.14g %21.14g %21.14g\n",0,x,y[0],sin(x));
for(i=1;i<=m ;i++){

21



//c calculate derivatives of y at x
derl(x,y,dydx);
rk4je(y,dydx,n,x,h,yout,derl);
//c update values:
X=x+h;
y[0]=yout [0];
y[1]1=yout [1];
k=i % np;
if(k == 0 |l G == m)
printf ("%d %21.14g %21.14g %21.14g\n",i,x,y[0],sin(x));
}
}

3
//c+ rkdje runge-kutta differential equation step

void rk4je(double *y,double *dydx,int n,double x,double h,
double *yout,void (*derivs) (double,double *,double *)){

//c modified version of rk4 (numerical recipes)
//c input:

//c y initial values of vector function

//c dydx initial values of vector derivative
//c n number of first order equations

//c y, dydx are n vectors.

//c x independent variable

//c h independent variable x step

//c output:

//c yout value of vector function after step h
//c derivs name of external subroutine that

//c calculates vector derivative.

//c Equation that is solved:

//c dy/dx = f(x,y), where f is defined by subroutine derivs
double hh,h6,xh;

int 1i;

#define nmax 20

double yt[nmax],dyt[nmax],dym[nmax];

hh=h*0.5;

h6=h/6. ;

xh=x+hh;

22



for(i=0;i<n;i++){
yt[i]l=y[i]+hh*dydx[i];
}
derivs(xh,yt,dyt);
for(i=0;i<n ;i++){
yt [i]=y [i]+hh*dyt [i];
b
derivs(xh,yt,dym) ;
for(i=0;i<n ;i++){
yt[i]l=y[i]+h*dym[i];
dym[il=dyt [i]+dym[i];
b
derivs(x+h,yt,dyt);
for(i=0;i<n ;i++){
yout [i]= y[i]+h6* (dydx [i]+dyt [i]+2.*dym[i]);
b
+
//c+ derl derivative values, right side of differential equation system
void derl(double x,double y[],double dy[]){
//External Functions:

//c Second order differential equation

//c d"2 w/dx"2 + w = 0,

//c Initial conditions: w(0)=0, dw(0)/dx = 1

//c Exact solution: w(x) = sin(x)

//c To convert to a first order system of two equations
//c let new variables y_i equal the derivatives:

//c y_1=w, y_2= dw/dx

//c Then we get a system of two first order equations:
//c d y_1/dx = £f_1(x,y) = y_2

//c d y_2/dx = £_2(x,y) = -y_1

dy[0]=y[1];

dy[1]=-y[0];

}
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18 Richardson Extrapolation

18.1 A Single Extrapolation

Suppose ¢ > p and
F(h) = ap + a1h? + O(h?).

We want to calculate ag as the limit of F'(h) as h goes to zero. We have
F(2h) = ap + a12Ph? + O(h9).

We may take a linear combination of these two functions to get a function
of order ¢ in h. Thus

WF(h) — F(2h)

o _ 1 = ag + O(hq)
Define
Fy(h) = (2P —1) —1—21;0)}_7(;1) — F(2h) _ R+ F(h;p—_}*;@h)‘
Then

Fy(h) = ag + O(h9).

Hence for h small, Fy(h) is an improved approximation to ag. The technique
can be repeated.

18.2 Repeated Richardson Extrapolation

Suppose
F(h) = ag + a1h* + ash? + azh?® + ...
where
P < p2 <p3<...
Define
Fi(h) = F(h),
and

Fy.(h) — Fi(2h)
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Proposition.
Fr(h) = ao + a,(f)hpk + a,(lehpk“ + ..

Proof. This is proved by induction. Assuming the result for k, we find
that the term involving A% in Fy(h) is

a,](gk)hpk _ a](gk’)gpk Pk

(k) Pk
a;,  hP* + o — 1
(k) Pk — 9Pk
_ (B pg ol h (1 2 )_
= ay 'hP* + e — 1 =0
Thus
a,(fﬂ) = 0.

This proves the proposition.

19 Common Applications

Two common applications of Richardson extrapolation include numerical dif-
ferentiation and numerical integration. The central difference approximation
for a derivative and the trapezoid approximation to an integral, both with
step size h, deliver their values as a limit as h goes to zero, where the nonzero
coefficients of the powers of h are even. That is

p1=2,p2=4,.....,pr = 2k.

So
2Pk = 4% 1.

The calculations may be displayed in tabular form

Fi(h)
Fi(h/2) Fy(h/2)
Fi(h/4) Fy(h/4) Fs(h/4)

The calculation is stopped when sufficient accuracy has been reached as de-
termined by the differences of neighboring values in the table.
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20 Solving Differential Equations Using Fi-
nite Differences

Consider Laplaces’ equation in two dimensions:

V2f =0.
That is 52 -
A )
ox?  0y?
Expanding f as a Taylor series , we have
B af 10%f ,
f($+hay)—f(xay)+%h+§@h + ..
B of 10%f ,
f(x—h,y)—f(x,y)—%h—l—i@h +
B aof 10°f ,
f(x’y+h)_f(x’y)+6_yh+§6—y?h —+ ...
B of 10%f ,
f(x>y_h)—f($,y)—8—yh+§8—y2h —+ ...

If we neglect terms in h of order higher than 2, and add these four equations,
we get

Fle,p) = LF @+ hoy) 4 F(x — hoy) + oy + )+ fay — ).

Then if we divide the domain into a grid with increment h, f is equal to the
average of its four neighbors. We can solve the problem by computing this
average at each grid point, over and over, until we get convergence.

21 Central Force Example

See Boyce and DiPrima p65 for related escape velocity problem. Consider
the simple differential equation of a one dimensional central force.

dz? 1

e
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The velocity is
dx

(%

Then
dv dv dx dv

dt  drdt dz
Then
dv 1

U@ = —P
dx
vdv = — 2
So

2

Zo
. [2(1+ cx)

x
@ _1_ /=
dr v\ 2(1+cx)
z u
b= /zo \/ 2(1 +cu)du'

See moon.tex for Euler numerical solution to related problem.

22 Stiff Equations

As was shown above, a nonlinear equation may be locally approximated by
a linear equation. If the eigenvalues of the Jacobian are distinct, then the
Jacobian can be diagonalized, and the equations become uncoupled. When
the eigenvalues are not distinct, we can work with the Jordan normal form
of the matrix. But for puposes of analysis, if the multiple roots of the char-
acteristic equation are changed to give distinct nearly equal roots, we have
a good approximation to the original problem, whose jacobian can be diag-
onalized. Then we are dealing with a one dimensional linear equation. We
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will show how Eulers method applies to the linear approximation to a first
order differential equation. We have

Tpi1 = Tp + hf(ty, x,).
From Taylor’s theorem,
(tns1) = 2(ta) + @' (ta)h + 2" ()R /2,

where
tn S gtn—l-l'

The truncation error is 2”(£)h?/2. The step size h is chosen to satisfy

e = [l2"(€)h*/2]],

where € is the tolerance for the truncation error. For a system of equations
there will be a set of such relations and the largest value satisfying all of
them will become the step size h. As the solution continues, the step size
will change. Suppose one of the equations of the system has a large negative
eigenvalue, then the variable will quickly decay to zero. Then A should
increase to solve the system in a reasonable time. But as we shall show
there is also a stability requirement that does not allow the step size to be
increased. Consider the following example, which is from chemical kinetics.
Consider the reactions,
A+B—C

and
C+D— A,

which lead to the differential equations

dB/dt = —k1AB
and
dD/dt = —kCD,
where
A=Ay—(B— By +(D—Dy)
and

C=Cy+(B—By)—(D—-D—-0).
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Note that A + C'is constant. Suppose

Ao =2,Cy =5, By =.001

and
Dy = .0001.
Then
dB/dt = —(k1Ao)B
and

dD/dt = —(ksCo)D.

The solutions are
B = Boea:p(—k‘let)

and
Dy = D exp(—koCot).

Suppose k; = 1000 and ky = 1. Using Eulers method,
Bny1 = (1 —2000h)B,
and
Dy1 = (1 —5h)D,.

B(t) goes rapidly to zero and B, gets very small. But h can not be in-
creased to a reasonable value suitable for the second equation. Because if
|1 — 2000A|| > 1, then B, will be magnified, and will eventually become
arbitrarily large. This is the stiffness problem. The global error is defined to
be

0=z, —x(ty,).

We have
Tn+1 = T + ((xn - g(tn))J + g,(tn))h

= 0+ 2(tn) + ((0n + z(tn) — g(tn))J + g'(ta)),
= 0p1 + x(ty) + 0,hJ + 2/ (tn)h
=0,(1 4 Jh) + 2(t,) + 2/ (t,)h
01 = On(1+ Jh) + (z(t,) + 2/ (tn)h — x(tnis.
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The global error is amplified unless either —1 < 14 Jh < 1 or, =2 <
Jh < 0. This controls stability. Consider the backward Euler method,

Tny1 = T+ hf (b1, Tnyr)-
We find
bns1 = (L—hJ) 18, + (1 = hJ)*h"2"(t,) /2 + O(R?).

The error is damped when ||1/(1 — hJ)|| < 1, which holds for J in the left
half plane. So there is no longer a stability limitation. Methods for stiff
equations are implicit. Often fixed point iteration can not be used to solve
the implicit equation. Some form of Newton’s method is used in this case.
The Jacobian must be repeatedly calculated. This can be expensive.

23 Eigenvalues

Given a matrix A, let A* be the complex conjugate of the transpose. A
matrix is hermitian if A = A*. A real hermitian matrix is called a symmetric
matrix and then A = A”. The inner product of a complex vector X and a
complex vector Y is , (X,Y) = X*Y. The norm or length of a vector X is

X = (X, X),
(X, X) =201 + oo + Tz = |11]* + o+ |20) %

Proposition. The eigenvalues of a hermitian matrix are real.
Proof.

AMX, X) = (X,0X) = (X, AX) = (A"X, X) = (AX, X) = (AX, X) = A(X, X).

Hence A = X so \ is real.

Proposition. The eigenvectors corresponding to distinct eigenvalues are
linearly independent.

Proposition. If A is Hermitian (symmetric) and eigenvalues A\; and Ay are
not equal, then corresponding eigenvalues are orthogonal. That is

(V1,V2) =0.
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The Spectral Theorem For Real Symmetric Matrices. If A is sym-
metric then there exists a diagonal matrix D of eigenvalues and an orthogonal
matrix V' whose columns are eigenvectors so that,

AV =VD

and
VTAV = D.

Note that a matrix is orthogonal if VZ = V! This is equivalent to the
column vectors being orthonormal. An orthogonal transformation preserves
the length of vectors.

24 The Jacobi Method For Locating Eigen-
values

Given a symmetric matrix A. Let R be a rotation matrix that transforms
the element of A in the pth row and ¢th column to zero. It is defined by

Tpg = SIN(QP), 7gp = —sIn(QP), 1pp = €08(¢), rgq = cos(¢)

all other elements on the main diagonal are 1, and all remaining elements of
R are zero. The angle ¢ is chosen so that the element of A’ in the pth row
and gth column is zero, where

A" = RTAR.
In what follows let
s = sin(¢)
and
¢ = cos(o).

Let B = AR, then A’ = RTB. Then

(g = D Tipbig = D Tip Y GijTig
= Tpp(AppTpg + ApgTaq) + Tap(AgpTpg + AgqTqq)

= C(a;n;ns + apqc) - S(aqp + Cquc)
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= sc(app — agq + apq(02 — 5% =0.

Rearranging the last equation,

(¢ = 5%)/(250) = (app — G4q)/(20p) = v

Then with « defined by this equation and ¢ defined to be s/c¢, we get a
quadratic equation for t.

> +2at —1=0.
If a = 0, then we take the root to be 1, otherwise the root of largest magni-
tude is,

—a —sign(a)y/(a? + 1) = —sign(a)(|a] + Va2 + 1).

Dividing the constant coefficient, which is —1, by this root we get the root
of smallest magnitude,

sign(a)
(Ja| + VaZ+1)
The magnitude of the root t is thus less than 1. So the rotation angle, of
which ¢ is the tangent, is less than /4. The tangent is ¢, so

c=1/t*+1)

and
s = ct.

We define a sequence of matrices by, Ay = A, and A,.; = RLA, R, , where
R, is a rotation matrix that zeroes some off-diagonal element of A . The
sequence {A,} converges to a diagonal matrix D. Let V = R1RsR;5....R,,...,
then,

D =VTAV.

V' is an orthogonal matrix because it is the product of orthogonal matrices.
Hence VT = V~! and so AV = V D, which shows that the diagonal elements
of D are the eigenvalues of A with the columns of V' being the corresponding
eigenvectors.

To show that the sequence does converge, we define S to be the sum of
the squares of the off-diagonal elements of A. Evaluating the components of
A’ we find

Uy = Clpp — Sl
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and

I
g = Clrg + say

for r not ¢ or not p. Squaring and adding,
(ar,)° + (a7,)* = (2 + %) (a7, + a7,)
(2 2
- (arp + arq)

So the sum of the squares of the off-diagonal elements is invariant, except
for a2, and a?,, which are replaced by zero. Thus S" = S — 2a2,. So {S,} is
a decreasing sequence bounded by zero. So it converges. We may zero the
off-diagonal element of largest magnitude at each step and thus make S,

decrease by at least a fixed proportion:
Sp1 < BS, <[5,

where 5 < 1. So {S,,} converges to zero, which implies that {4, } converges
to a diagonal matrix D.

If we carry out this whole calculation in a slightly different way, zeroing
the off-diagonal elements in a cyclic order, then we still get convergence to
zero. And then we do not need to find the largest element.

Note. The Jacobi method proves the spectral theorem for symmetric
matrices.

25 Leverrier’s Method for the Characteristic
Polynomial

This method uses Newton’s identities and the trace of powers of the matrix.
Given a polynomial,

"o o= (- ) (T — ). (T — ).

Define s, = 3_ o to be the sum of the kth powers of the roots. The following
equations are known as Newton’s identities:

81+01:0
82—|—0181+202:0
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S3 + C1S2 + €981 + 303 =0
Sp+ C1Sp—1 + ..... +cp_181 +nc, =0

For a proof see a classic algebra book such as: The Theory of Equations,
by J.V. Uspensky. These identities allow the systematic determination of
the coefficients of the polynomial from its roots. Definition: The trace of a
matrix is the sum of its diagonal elements.

Proposition. Trace(AB) = Trace(BA).

Proof.

Trace(AB) = Z Z A Bri Z Z By; Ay, = Trace(BA).
From this proposition it follows that, + -1
Trace(B ' AB) = Trace(A).
Proposition. Let matrix A have eigenvalues Ay, ...., A\,. Then
Trace(A") =~ AF = 5.

The steps of Leverrier’s method are: (1) Compute A* and s;, = Trace(A*),
(2) Use Newton’s identities repeatedly to get the coefficients of the charac-
teristic polynomial.

Faddeev’s modification of the method consists in a more efficent calcula-
tion method. Refer to the book by James, Smith, and Wohlford.
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