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1 The Quaternions

The quaternions form a four dimensional vector space over the reals, with
basis vectors 1, i, j, k. Thus a general element is

x = x0 + x1i + x2j + x3k,

where x0, x1, x2, x3 are real numbers. Multiplication is defined by

i2 = −1, j2 = −1, k2 = −1, ij = −ji = k, jk = −kj = i, ki = −ik = j

If α, β are real numbers, and x, y are quaternions, then define

(αx)(βy) = (αβ)(xy).

So if
x = x0 + x1i + x2j + x3k,
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and
y = y0 + y1i + y2j + y3k,

then
xy = x0y0 − x1y1 − x2y2 − x3y3

+(x0y1 + x1y0 + x2y3 − x3y2)i

+(x0y2 + x2y0 + x3y1 − x1y3)j

+(x0y3 + x3y0 + x1y2 − x2y1)k

Define the norm of x as

‖x‖ =
√

x2
0 + x2

1 + x2
2 + x2
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Define the conjugate of x as

x∗ = x0 − x1i − x2j − x3k.

Then
xx∗ = x∗x = ‖x‖2.

So
x∗

‖x‖2

is the inverse of x, if x is not zero. Thus every nonzero element has an
inverse, that is every nonzero element in the ring is a unit, so the quaternions
form a division ring. However it is not a field because multiplication is not
commutative, that is in general xy �= yx. Because it is also a vector space it
is an algebra, and hence a division algebra.

Complex numbers form a two dimensional vector space over the reals and
can be used as vectors in physics for two dimensional problems. Hamilton
invented quaternions to extend complex numbers to three dimensions to be
used for three dimensional vector analysis in physics. They were used widely
for this purpose in the nineteenth century until J. Willard Gibbs introduced
his simplified vector analysis. Notice that Gibbs took from quaternions the
unit i, j, k vectors. The two dimensional subspace of the quaternions gener-
ated by bases vectors 1, i is the complex numbers.

A pure quaternion is one of the form

x = x1i + x2j + x3k.

2



If y also is a pure quaternion, then one finds that the product is

xy = x × y − x · y,

that is the cross product (outer product, vector product) minus the dot
product (inner product). So we can begin to see the connection between
Hamilton’s quaternions and Gibb’s vector analysis.

The quaternions are associative, but the vector product is not. For ex-
ample

(i × i) × j = 0,

but
i × (i × j) = i × k = −j.

2 The Quaternion Group

The elements 1,i,j,k,-1,-i,-j,-k, under quaternion multiplication, form a non-
Abelian group of order eight.

3 The Use of Quaternions for Representing

Rotations

Let x be a unit quaternion, meaning its norm equals 1. We claim that x
represents a rotation. Let

x = x0 + x1i + x2j + x3k

Let the vector part be
y = x1i + x2j + x3k

then
u =

y

‖y‖
is a unit vector and

x = x0 + ‖y‖u
Then

1 = ‖x‖2 = x2
0 + ‖y‖2‖u‖2 = x2

0 + ‖y‖2
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So for some angle θ
x0 = cos(θ)

and
‖y‖ = sin(θ).

So
x = cos(θ) + sin(θ)u

Then given a vector v, the vector

v′ = xvx−1 = xvx∗,

where the multiplication is quaternion multiplication, is the vector obtained
by rotating vector v about the u axis by angle 2θ (proof omitted).

Conversely, given a rotation axis specified by a unit vector u, and a rota-
tion about this axis by angle 2θ, then the rotation is given by the quaternion

x = cos(θ) + sin(θ)u.

Rotations specified by matrices are 3 by 3 orthogonal matrices, that is the
column vectors are unit vectors and the columns are orthogonal to each other.
One can compute the rotation matrix from the quaternion, or the quaternion
from the matrix. The quaternion is specified with just four numbers, and a
nine number matrix need not be specified to do calculations.

4 Octonions

The octonions were discovered in 1843 by John T. Graves, a friend of William
Hamilton, who called them octaves. They were discovered independently by
Arthur Cayley (1845). They are sometimes referred to as Cayley numbers or
the Cayley algebra.

The octonions are an eight dimensional vector space, with basis vectors
1, i, j, k, l, il, jl, kl with multiplication table:
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1 i j k l il jl kl
i −1 k −j il −l −kl jl
j −k −1 i jl kl −l −il
k j −i −1 kl −jl il −l
l −il −jl −kl −1 i j k
il l −kl jl −i −1 −k j
jl kl l −il −j k −1 −i
kl −jl il l −k −j i −1

The octonions are the largest of the four normed division algebras, which
are, the Real Numbers, the Complex Numbers, the Quaternions, and the
Octonions.

5 References

(1)Baez, John (2002), ”The Octonions”, Bull. Amer. Math. Soc. 39:
pp 145 to 205, http://www.ams.org/bull/2002-39-02/S0273-0979-01-00934-
X/home.html Online HTML versions at Baez’s site or see lanl.arXiv.org copy.

http://math.ucr.edu/home/baez/octonions/node4.html
(2)Cayley, Arthur (1845), ”On Jacobi’s elliptic functions, in reply to the
Rev..; and on quaternions”, Philos. Mag. 26: 208-211 . Appendix reprinted
in ”The Collected Mathematical Papers”, Johnson Reprint Co., New York,
1963, p. 127.
(3)Conway, John Horton; Smith, Derek A. (2003), On Quaternions
and Octonions: Their Geometry, Arithmetic, and Symmetry, A. K. Peters,
Ltd., ISBN 1-56881-134-9
(4) Simon L. Altm, Rotations, Quaternions, and Double Groups

5


