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Einstein and his
assistants, Peter
Bergmann, and
Valentin Bargmann,
on there daily walk to
the Institute for
advanced Study at

Princeton.
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Einstein, 1940, with his two co-workers, Valentin Bargmann (left) and
the author (right), on their daily walk to the Institute for Advanced Study
at Princeton.
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Special Relativity

The Lorentz Transformation
Covariance, Four-Vectors
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The Metric
Distance Between Events

As? = A — Az? — Ay? — AZ?



Magnetic Field Becomes an Electric Field

Feynmann Lectures on Physics



Differential Manifolds

Coordinate Maps

Tangent and Cotangent Spaces
Covariant Derivative
Geodesics

Riemannian Space

Metric Coeftficients



A Manifold




The Tangent Space

Aplf) = ZF P+ 1A,

The directional derivative of a function f 1n the direction A, at P,
is a linear functional on the space of functions, and 1s 1dentified
With the vector A, (or with a curve through P in the direction A).
It has the properties of a derivation. Such derivations constitute
The tangent space of the manifold at the point P.



Curvilinear Coordinates 1n a 2D Flat Space

: x = r cos(o)
i y — rsin(o)
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Polar Coordinates



Polar Coordinate Example
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The metric is

ds® = g11de” + gr2dedr + goardrdd + gaodr®
— ridg? 4 drZ.

As a quadratic form this may be written as
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is a positive definite symmetric matrix. A veloeity v would be written as

where the matrix

V =t Uy + ol

To differentiate the veloeity, we can not just differentiate the components 25
and v, because the unit coordinate vectors uy, and u,, vary with position.
This is why the Christoffel Symbols are needed for a covariant derivative,
that iz, a derivative mdependent of coordinate system.



Classical Tensors
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Basis Vectors for the Tangent and Cotangent Spaces

O
dq"”( ) = &7

The q are coordinates. The partial derivative operators are

linear functionals, and so tangent vectors. They form a basis of the
Tangent space at a point of the manifold. The differentials

dq are duals, and so are a basis of the cotangent space.

These are respectively contravariant and covariant vectors.



A Velocity Vector is in the Tangent Space of the Manifold

We differentiate to get the acceleration and the force on the particle.
But we can’t just differentiate the vector components. We must have
Covariance.
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‘Subtle is the 401‘(1...

Introdiiion 1o the

THEORY
OF RELATIVITY

Peter Gabriel Bergmann
With a Foreword by Albert Einstein
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The Covariant Derivative in Cartesian Coordinates
is the directional derivative in the direction of a curve.

Given any curve « in R”* with P = «(0) and

do
dt

the covariant derivative of the vector field Y
in the direction X at the point P is

VY (P) = 5Y (a)(0)

(0) = X,



Gauss’ Intrinsic Geometry of Surfaces
Theorem Egregium

I
ds® = > Y gidztda?,
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Christoffel Symbols define the covariant derivative
for the curvilinear coordinates in flat space.

9 = (bi;bj), g7 = (b 1),
Ob;
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In a Riemannian, or Semi-Riemannian Space,

There is a unique Covariant Derivative defined

via the Christoffel Symbols, which are in turn defined
by the Metric coefficients.
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Given a curve with tangent T, and a vector field Y
defined along the curve, if the covariant derivative

of Y in the direction of T is zero, then Y is parallel
translated along the curve. If the covariant derivative of
T in the direction of the curve is zero, then the curve

is a geodesic.

VY =0,

Vol = 0,



In Space-Time a geodesic curve is the path of a particle
moving in the curved space due to mass-energy and

so is the analog of the straight line motion of an object
not acted on by a force as given by Newton’s first law.

So the task in General Relativity 1s to compute the metric
coefficients g. These coefficients also define the Riemannian
curvature of the space. So if the Riemannian curvature can

be determined, then by inversion one can find the metric coefficients
and thus solve the General Relativity problem. The equation to be
solved that 1s determined by the curvature tensor 1s known as the
Einstein equation.



Parallel translation on a 2-D surface defines the Riemann Curvature

In higher dimensional Spaces we get the Riemann Curvature Tensor
Again using parallel translation.




Ricci tensor from contraction of the Riemann curvature tensor.
Poissoen’s Equation for classical gravitational potential.
The stress-energy tensor, a source of the field.




Einstein’s equation.
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Wald summarizes:

Spacetime i1s a manifold M

Lorentz metric g,
curvature ot ¢, is related to

matter by Einstein’s equation.



The Schwarzschild Solution.

Verifications of the General Theory:

(1) The advance of the Perihelion of

Mercury.

(2) The deviation of Light by the Field of
the Sun, (Eclipse of 1919)

(3) Clocks slowed by a flight around the
earth.



