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1 The Rotation Matrix Defined By A Direc-
tion And An Angle

Let the unit vector n specify a rotation axis, and « a rotation angle in the
right hand rule sense. Suppose vector x is rotated to vector y. We shall find
a matrix M, so that

y = Mx.

(This derivation is a solution to exercise 12.51, p 421, Applied Linear
Algebra, Ben Noble, 1969, Prentice Hall.) Let the origin be O. Let vector x



Figure 1: Plane view perpendicular to the rotation axis through Q. P is
rotated to R. The rotation angle is a.

go from O to P. Let vector y go from O to point R. Let us project P to the
axis defined by n, getting point Q. Then

PQ = (z-n)n —x.

We have a plane triangle PQR, where the measure of angle PQR is a. Al-
though the derivation is valid for any angle «, let us draw a figure in which
a < /2. We construct a point S on line PQ, so that SR is perpendicular to
PQ. Then vector y is

y=0P+ PS+ SR.

Let 3 be the angle between x and n. Let r be the length of PQ and of QR.
We have

r = ||z|[sin(5).
Considering the triangle SQR, we see that the length of SQ is  cos(a). Thus

r(1 — cos(a))

PS = PQ = (1 —cos(a))((z-n)n — x).



To find SR, we need a unit vector perpendicular to x and n. Such a vector is
nxXwr  nXz
l[[sin(3) 7
From the diagram the length of SR is rsin(«). Hence

SR =n x zsin(a).
So
y=0P+ PS+SR=x+ (1 —cos(a))((z-n)n—z)+sin(a)n x x

= cos(a)z + (1 — cos(a))(z - n)n) + sin(a)n x .

Each of these terms is a linear transformation of vector x. It can be written
as a matrix equation.
Indeed we have

0 —Mn3 N9 T
nXxx= n3 0 —n T
—TNy 1 0 T3
Let
0 —MN3 o
N = ns 0 —ny
—TNo s 0

Considering x and n column vectors, we have

(x-n)n=n(n-z)=nn"w

We have

nim; ning ning
nnT = T2 MNaNy NaMNsg
n3niy NaNg N3Nng

We may write the equation as
y = [cos(a)I + (1 — cos(a))nn” + sin(a)N]z.
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We may simplify this a little further because

0 —MN3 N9 0 —MNs N9
N2 = N3 0 —n ns 0 —n
—N9 Ny 0 —Ng Ny 0
2 2
—Ng — 1Ny nino nins
= NoNy —n3 —n? Nans
n3ny N3N —n3 — n?
nin,y — 1 ning Tnsg
= TNonq TNonNg — 1 UDYLR!
nsnq n3no nsny — 1
=nn’ — 1.
We have shown that
N2+ 1 =nn".

So
y = [cos(a)l + (1 — cos(a))nn” + sin(a)N]z

— [cos(@)] + (1 — cos(@))(N? + I) + sin(a) No
= [I + (1 — cos(a))N? + sin(a)N]z.

Let our rotation matrix be
M =1 + (1 —cos(a))N? +sin(a)N.

Notice that Nn is really the cross product of two parallel vectors, so is zero.
Explicitely
—nNg3gNg + Nang
Nn = nsng — nNins =0
—NaNy + N1N2

Hence multiplying N times
N? 4+ 1 =nn".

we get
N3+ N =Nnn® =0,



SO

N =_-N
Continuing we find

N* = —N?

N° =N,

N® = N?

N” = —N,

N® = —N?

and so on. We will use this later to show that the rotation matrix A is an
exponential. Let us show explicitly that M is orthogonal. Using the facts
that

NT = —N,

and
N'=—N?

Y

we have
MM?" = [I+ (1 - cos(a))N? + sin(a)N][I + (1 — cos(a))N? — sin(a) N]
Expanding this expression we find that
MM" =1.

See the references: Jay P Filmore, A Note On Rotation Matrices, IEEE
Computer Graphics and Applications, February 1984, the orthogonal matrix
subroutine orthgm in libraries emerylib.ftn and emerylib.c, as well as ax-
isang, and v2rot, and the program trnsf.c. This latter program allows one
to construct a general transformation matrix in steps, and then to apply it
to a file containing points. Batch files, viewffun.bat, viewcfun.bat, getf-
fun.bat , and getcfun.bat, allow one to see the subroutines and functions
available in the libraries, and to extract such functions and subroutines so
that they may be incorporated into programs. Library emerylib.c contains
both C functions and C++ functions.



2 Axis and Angle of a Proper Rotation Ma-
trix

Suppose we have a set of orthogonal basis vectors uy,us,us. Clearly the
matrix of a rotation transformation with respect to this basis, about axis us
by angle 6, is

The trace of this matrix is the sum of the diagonal elements. The trace
of M is
trace(M) = 2 cos(0) + 1.

The matrix of this rotation with respect to any other orthogonal basis is
M' = PMP™,

where P is the change of basis matrix.
The trace has the property that for n by n matrices A and B,

trace(AB) = trace(BA).
This follows because

trace(AB) =YY ai;by;

i=1j=1

Then

trace(M') = trace(PMP™1) = trace(P~'PM) = trace(M) = 2 cos(f) + 1.



Hence the trace of a rotation matrix determines the rotation angle. A rotation
matrix is an orthogonal matrix in which the column vectors (also the row
vectors) are unit orthogonal vectors. Hence

MMT =1,
That is M7 is the inverse of M.
1 =det(l) = det(MM") = det(M)det(M™") = det(M)?>.
It follows that
|det(M)| = 1.

For a proper orthogonal matrix det(M) = 1.
A vector v in the direction of the rotation axis is transformed to itself.
Thus it is an eigenvector with eigenvalue A = 1, that is

Muv = M.

Clearly this is the only eigenvector if M is not the identity. For any other
vector that is not in the direction of the axis, is rotated. Hence the axis of
the rotation may be obtained by calculating an eigenvector of M. Given a
proper orthogonal transformation M, we can use the explicit formula for M
calculated above to find an eigenvector of M.

We have
M =1+ (1 —cos(a))N? + sin(a)N
and
M =T+ (1 —cos(a))N? — sin(a)N.
So
1 Ty _ _ 2
2(M-I—]W ) =1+ (1—cos(a))N".
We have
N? =nnt — 1,
S0

%(M—i— M"Y =T+ (1—cos(a))(nn® — 1)

= cos(a)l + (1 — cos(a))nn”
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Now

M) -1
cos(a) = M’
2
and
M) -1 — M
(1— cos(a)) = 1 — raceM) =1 _ 3= trace(M)
2 2
Thus

(M + M™T) — (trace(M) — 1)I = (3 — trace(M))nn’.

Any row or column of matrix nn’

column of matrix

is a multiple of vector n. So any row or

(M + MT) — (trace(M) — 1)I

is an eigenvector for eigenvalue A = 1, and gives the rotation axis. Here is a
Fortran subroutine for doing the calculation

c+ axisang axis and angle of a rotation matrix, January 2004
subroutine axisang(a,x,t)
implicit real*8(a-h,o0-z)
Input:
a 3 by 3 orthogonal rotation matrix
Output:
X unit vector in the direction of the rotation axis
t rotation angle, O <= t <= pi (right hand rule)
References:
(1) Rotations, James Emery, January 2004, (rotations.tex)
(2) A Note on Rotation Matrices, Jay P Fillmore,
IEEE Computer Graphics and Applications, February, 1984.
(3) Applied Linear Algebra, B. Noble, 1969.
real=*8 a(3,3),b(3,3),x(3),y(3),z(3),w(3)
real*8 c(3,3)
zero=0.
c compute the trace of a.
trc=a(1,1)+a(2,2)+a(3,3)
c Compute the positive angle of rotation
cs=(trc-1.0d0)/2.0d0
sn=sqrt(1.0d0 - cs*cs)
t=atan2(sn,cs)
c Find the transpose of a
call mattrn(a,3,3,3,b,3)
c Add a to its transpose.
call mata(a,3,3,3,b,3,c,3)
s=trc-1
do i=1,3
c(i,i)=c(i,i)-s
enddo
c We have computed a matrix c whose row and column vectors are
c multiples of the required eigenvector.

O 0000000 0o0



amax=0.
do i=1,3
anorm=c (i,1)**2+c(i,2)**2+c(i,3)**2
if (anorm .gt. amax)then
k=i
amax=anorm
endif
enddo
anorm=sqrt (amax)
xmax=0.
do j=1,3
y(3=1.
x(j)=c(k,j)/anorm
if (abs(x(j)) .gt.xmax)then

n=j
xmax=abs (x(j))
endif

enddo

y(m)=0.

if(m .eq. 1)then
y(2)=x(3)
y(3)=-x(2)

endif

if(m .eq. 2)then
y(1)=x(3)
y(3)=-x(1)

endif

if(m .eq. 3)then
y(1)=x(2)
y(2)=-x(1)

endif

We have found a unit eigenvector x and
we have found a vector y perpendicular to x.
Rotate y to z, z=axy.
do i=1,3
z(1)=0.
do j=1,3
z(i)=z(i) + a(i,j)*y(j)
enddo
enddo
Compute the cross product of y and z, w=y cross z
call crsspr(y,z,w)
If the right hand rule is satisfied, w should be in the
direction of the axis x.
s=dotpr(x,w)
If the right hand rule is not satisfied, reverse the direction
of the axis.
if(s .1lt. zero)then
do j=1,3
x(§)=-x(3)
enddo
endif
return
end



3 Obtaining the Rotation As The Exponen-
tial of an Element of a Banach Algebra

A Banach Algebra is a normed linear vector space in which a multiplication
is defined, and which is complete. A complete space is one in which every
Cauchy sequence converges to an element of the space. Let B be an element
of the space of n by n matrices. One can take as norm the sum of the absolute
values of the elements of the matrix. A norm satisfies the triangle inequality.

By + Bl < [| Bul| + [ Ba|-
Also for a Banach Algebra the norm satisfies
[B1Ba|| < || Bull[[ Be|l-
We can take the exponential of the norm of B

|B|"

[e%s)
ezl = 3 I
n=0

|
n!

This converges for every B because the real exponential function is an entire
function. Since it converges, the partial sums are a Cauchy sequence. This
means that given some € > 0 there exists some integer N so that for every
m,n > N, say n > m, the partial sums S,,, S, differ by less than ¢, that is

1B B Bl
(m+1)!  (m+2)! n!
But using the norm inequalities this shows that
B+l Bm+2 B
H(mle)! + (m+2)! +'"'+H < e

It follows that the partial sums of the series

form a Cauchy sequence in the Banach space. Since the Banach space is
complete, the series converges to some element, here a n by n matrix. So
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the exponential of the matrix (operator) is defined. Let us take the 3 by 3
matrix N above defined by our unit axis vector n. That is,

0 —n3 )
N = ns 0 —nNn1
—TNo s 0

We use the properties of N found above, namely
N*® = —N.

Then we write

t3 1o
:I‘f‘(tN—gN‘f‘gN‘i‘ ..... )
t2 2 t4 2 t6 2
T TE R T R

3
:I+(t—§+a+ ..... )N

+(

= I +sin(t)N + (1 — cos(t)) N>
This is the formula for the rotation matrix M derived above. Hence the
rotation matrix for rotation about axis n by angle « is the exponential

M = N

11



4 Properties of The Exponential of a Matrix

If a matrix A is upper triangular

a;; a2 a3 ... Qaip
0 99 Q23 ... QAgpn
A= 0 0 assz .... Q3p

0 0 0 0 ap
Then A™ is an upper triangular matrix of the form

ary
0 ay
0 0 a3
o 0 0 0 a},
This becomes apparent by just calculating an example such as say A? for a 3
by 3 upper triangular matrix. Now if a sequence of matrices converges to a
matrix M, then a sequence consisting of say the ijth element of each matrix
in the sequence, converges to the ijth element of M. It follows that if A is
upper triangular, then

et
O ea22
=1 0 0 ems

So
det(A) = et e,

— et tazet...tann

_ etrace(A) )

If A is a general matrix, then there exists a matrix T such that

T~YAT = B,
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and B is upper triangular. For a simple proof, see Bellman Page 21. Note
that T might be a complex matrix. We have

T eMT = [+%T1AT+%(T1AT)(T1AT)+$(T1AT) (T'ATY(T AT +...

-1
_ TAT

Hence because T~'AT is upper triangular, we have
det(eA) _ det(TfleAT) _ det(eT_lAT) _ etrace(T_lAT) _ etrace(A)'

We have proven:
Proposition For any square matrix

det(eA) _ etrace(A)‘

For our matrix N above,

0 —n3 %)
N = ns 0 —ny
—T12 T 0

the trace is 0. It follows that
det(eN) _ etrace(N) _ 60 - 1.

Because the transpose of N is - N, we see that

(eaN)T — efozN'
It may be shown that
if and only if

So we find that



So we see directly that

eaJV

is a proper orthogonal matrix, and so represents a rotation. Also directly
n = (ni,ng,n3) is an eigenvector because Nn = 0 and the only nonzero
term in the exponential series for e*¥n is In = n. So n is the rotation axis.
Because

nin,y — 1 nin9 Tns
N2 = MMy ToaMg — 1 ToM3
nsnq n3no ngng——l

trace(N?) = ||n||* — 3 = —2.

Hence
trace(e®™) = trace(I + sin(a)N + (1 — cos(a))N?)

=340+ (1 —cos())(—2) =1+ 2cos(a),

So we see directly that « is the rotation angle.

5 A Test Program

Here is a test program using subroutines axisang and orthgm:

orthgm.ftn 1/7/04
test of revised orthgm and axisang subroutine
compute rotation matrix from axis and angle
compute axis and angle from orthogonal matrix
implicit real*8(a-h,o-z)
dimension a(3,3)
dimension x(3)
dimension ain(3)
pi=4.0d0*atan(1.0d0)
write(*,*)’ Enter an angle (degrees) ’
call readr(nf,ain, nr)
t=ain(1)*pi/180.0d0
write(*,*)’ Enter a direction vector ’
call readr(nf,ain, nr)
do i=1,3
x(i)=ain(i)
enddo
call orthgm(x,t,a)
write(*,*)’ matrix = ’
do i=1,3
write(*,’ (3(1x,g15.8)) ) (a(di,j),j=1,3)
enddo
call axisang(a,x,t)
write(*,’(1x,a,g22.14,g22.14,¢22.14)°)’ axis=’,x(1),x(2),x(3)

o o0 o0 o0
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write(*,’(1x,a,g22.14)’)’ angle= ’,t*180./pi
end
c+ axisang axis and angle of a rotation matrix, January 2004
subroutine axisang(a,x,t)
implicit real*8(a-h,o-z)
Input:
a 3 by 3 orthogonal rotation matrix
Output:
x unit vector in the direction of the rotation axis
t rotation angle, 0 <= t <= pi (right hand rule)
References:
(1) Rotations, James Emery, January 2004, (rotations.tex)
(2) A Note on Rotation Matrices, Jay P Fillmore,
IEEE Computer Graphics and Applications, February, 1984.
(3) Applied Linear Algebra, B. Noble, 1969.
real*8 a(3,3),b(3,3),x(3),y(3),z(3),w(3)
real*8 c(3,3)
zero=0.
c compute the trace of a.
trc=a(1,1)+a(2,2)+a(3,3)
c Compute the positive angle of rotation
cs=(trc-1.0d0)/2.0d0
sn=sqrt(1.0d0 - cs*cs)
t=atan2(sn,cs)
c Find the transpose of a
call mattrn(a,3,3,3,b,3)
c Add a to its transpose.
call mata(a,3,3,3,b,3,c,3)
s=trc-1
do i=1,3
c(i,i)=c(i,i)-s
enddo
c We have computed a matrix c whose row and column vectors are
c multiples of the required eigenvector.
amax=0.
do i=1,3
anorm=c (i,1)**2+c(i,2)**2+c(i,3)**2
if (anorm .gt. amax)then
k=i
amax=anorm

0O 000000000

endif

enddo

anorm=sqrt (amax)

xmax=0.

do j=1,3
y(3)=1.
x(j)=c(k,j)/anorm
if (abs(x(j)) .gt.xmax)then
n=j
xmax=abs (x(j))
endif

enddo

y(m)=0.

if(m .eq. 1)then
y(2)=x(3)

15



(e}

y(3)=-x(2)

endif

if(m .eq. 2)then
y(1)=x(3)
y(3)=-x(1)
endif

if(m .eq. 3)then
y(1)=x(2)
y(2)=-x(1)
endif

We have found a unit eigenvector x and
we have found a vector y perpendicular to x.
Rotate y to z, =z=axy.
do i=1,3
z(1)=0.
do j=1,3
z(i)=z(i) + a(i,j)*y(j)
enddo
enddo
Compute the cross product of y and z, w=y cross z
call crsspr(y,z,w)
If the right hand rule is satisfied, w should be in the
direction of the axis x.
s=dotpr (x,w)
If the right hand rule is not satisfied, reverse the direction
of the axis.
if(s .1lt. zero)then
do j=1,3
x(§)=-x(3)
enddo
endif
return
end

c+ mattrn matrix transpose

O 00000 o0o0

10

subroutine mattrn(a,ia,m,n,b,ib)
implicit real*8(a-h,o-z)

arguments
a-matrix
ia-row dimension of a in calling program
m-number of rows in a
n-number of columns in a
b-transpose of a
ib-row dimension of b in calling program

dimension a(ia,*),b(ib,*)
do 10 i=1,m

do 10 j=1,n
b(j,i)=a(i,]j)

return

end

c+ mata matrix addition

subroutine mata(a,ia,m,n,b,ib,c,ic)
implicit real*8(a-h,o-z)

Cc arguments

C

a-matrix
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ia-row dimension of a in calling program
m-number of rows
n-number of columns
b-matrix
ib-row dimension of b in calling program
c-sum matrix: c=a*b
ic-row dimension of c in calling program
dimension a(ia,*),b(ib,*),c(ic,*)
c c=a+b
do 10 i=1,m
do 10 j=1,n
c(i,j)=ali,jd+b(i,j)
10 continue
return
end
c+ crsspr vector cross product.
subroutine crsspr(a,b,c)
implicit real*8(a-h,o-z)
c c=product of a and b
dimension a(3),b(3),c(3)
c(1)=a(2)*b(3)-a(3)*b(2)
c(2)=a(3)*b(1)-a(1)*b(3)
c(3)=a(1)*b(2)-a(2)*b(1)
return
end
c+ dotpr scalar product of 3-space vectors
function dotpr(a,b)
implicit real*8(a-h,o-z)
c 2/5/97
dimension a(*),b(*)
s=0.
do i=1,3
s=s+a(i)*b(i)
enddo
dotpr=s
return
end
c+ readr read a row of numbers and return in double precision array
subroutine readr(nf, a, nr)
implicit real*8(a-h,o0-z)
Input:
nf unit number of file to read
nf=0 is the standard input file (keyboard)
Output:
a array containing double precision numbers found
nr number of values in returned array,
or 0 for empty or blank line,
or -1 for end of file on unit nf.

Numbers are separated by spaces.

Examples of valid numbers are:

12.13 34 45e4 4.78e-6 4e2,5.6D-23,10000.d015
requires subroutine valsub and function lenstr
a semicolon and all characters following are ignored.
This can be used for comments.
modified 6/16/97 added semicolon feature

O o0 00000

OO0 0000000000000
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dimension a(*)
character*200 b
character*200 c¢
character*1l d
C=) )
if (nf.eq.0)then
read(*,’(a)’,end=99)b

else
read(nf,’(a)’,end=99)b

endif

nr=0

lsemi=index(b,’;’)

if (1semi .gt. O)then
if(lsemi .gt. 1)then
b=b(1:(lsemi-1))
else
return
endif
endif
1=lenstr(b)
if(1.ge.200)then
write(*,*)’ error in readr subroutine ’
write(*,*)’ record is too long ’
endif
do 1 i=1,1
d=b(i:i)
if (d.ne.’ ’) then
k=lenstr(c)
if (k.gt.0)then
c=c(1:k)//d
else
c=d
endif
endif
if( (d.eq.’ ’).or.(i.eq.l)) then
if (c.ne.’ ’) then
nr=nr+1
call valsub(c,a(nr),ier)
C=) J
endif
endif
1 continue
return
99 nr=-1
return
end
c+ valsub converts string to floating point number (rx*8)
subroutine valsub(s,v,ier)
implicit real*8(a-h,o0-z)
examples of valid strings are: 12.13 34 45e4 4.78e-6 4E2
the string is checked for valid characters,
but the string can still be invalid.
s-string
v-returned value
ier- 0 normal

0O o0 o0 o000
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c 1 if invalid character found, v returned O

logical p

character s*(*),c*50,t*50,ch*15
character zx1

data ch/’1234567890+-.eE’/

v=0.

ier=1

1=lenstr(s)

if(l.eq.0)return

p=.true.
do 10 i=1,1
z=s(i:i)

if((z.eq.’D’) .or.(z.eq.’d’))then
s(i:i)=’e’
endif
p=p.and. (index(ch,s(i:i)) .ne.0)
10 continue
if (.not.p)return
n=index(s,’.’)
if(n.eq.0)then
n=index(s,’e’)
if(n.eq.0)n=index(s,’E’)
if(n.eq.0)n=index(s,’d’)
if(n.eq.0)n=index(s,’D’)
if(n.eq.0)then
s=s(1:1)//°.°
else
t=s(n:1)
s=s(1: (n-1))//7 .7/ /¢
endif
1=1+1
endif
write(c,’(a30)’)s(1:1)
read(c,’(g30.23)’)v
ier=0
return
end
c+ lenstr nonblank length of string
function lenstr(s)
c length of the substring of s obtained by deleting all
c trailing blanks from s. thus the length of a string
c containing only blanks will be O.
character  s*(*)
lenstr=0
n=len(s)
do 10 i=n,1,-1
if(s(i:i) .ne. ’ ’)then
lenstr=i
return
endif
10 continue
return
end
c+ orthgm generate a rotation matrix (orthogonal) from axis and angle

19



subroutine orthgm(x,t,a)
implicit real*8(a-h,o-z)
a is the rotation matrix for column vectors
x-axis vector
t-rotation angle
a-output 3 by 3 matrix
References:
(1) Rotations, James Emery, January 2004, (rotations.tex)
(2) A Note on Rotation Matrices, Jay P Fillmore,
IEEE Computer Graphics and Applications, February, 1984.
(3) Applied Linear Algebra, B. Noble, 1969.
real*8 id(3,3),1(3,3),12(3,3),a(3,3),x(3)
real*8 lambda
data (id(1,j),j=1,3)/1.40,0.d40,0.40/
data (id(2,j),j=1,3)/0.d0,1.40,0.40/
data (id(3,j),j=1,3)/0.40,0.d40,1.40/
lambda=sqrt (x (1) **2+x (2) ¥*2+x (3) **2)

O 00000000

do i=1,3
1(i,1)=0.
enddo
1(1,2)=-x(3)
1(1,3)=x(2)
1(2,3)=-x(1)

1(2,1)=-1(1,2)

1(3,1)=-1(1,3)

1(3,2)=-1(2,3)

call matm(1,3,3,3,1,3,3,12,3)

cl=sin(t)/lambda

c2=(1.-cos(t))/(lambda**2)

do i=1,3

do j=1,3
a(i,j)=id(i,j)+c1*1(i,j)+c2*12(i,j)
enddo

enddo

return

end

c+ matm matrix multiplication

subroutine matm(a,ia,m,n,b,ib,1,c,ic)

implicit real*8(a-h,o-z)

Cc arguments
c a-matrix
c ia-row dimension of a in calling program
¢ m-number of rows of a
¢ n-number of columns of a
¢ b-matrix
c ib-row dimension of b in calling program
¢ 1l-number of columns of b
c c-product matrix: c=a*b
c ic-row dimension of c in calling program
c
dimension a(ia,*),b(ib,*),c(ic,*)
c c=ax*b
do 10 i=1,m
do 10 j=1,1
c(i,j)=0.
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do 5 k=1,n
5 c(i,j)=c(i,j)+a(i,k)*b(k,]j)
10 continue

return

end
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