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1 Damped One-Dimensional Vibration

The differential equation for damped vibration is

mẍ + cẋ + kx = F (t).

The mass is m, the viscous damping constant is c, the stiffness is k, and the
applied force is F (t). For free damped vibration the roots of the characteristic
equation are

− c

2m
±

√
(c/2m)2 − k/m.

The natural undamped resonant angular frequency is

ωn =
√

k/m.

The critical damping constant is

cc = 2mωn.
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The critical damping ratio is defined to be

ζ =
c

cc

.

We have
c = 2ζmωn,

so that if we divide the damped vibration equation by the mass m, we can
write it in the form

ẍ + 2ζωnẋ + ω2
nx =

F (t)

m
.

Underdamped Case ζ < 1

x = x0 exp(−ζωnt)sin(ωdt + φ),

where the angular frequency of damped oscillation is

ωd = ωn

√
1 − ζ2.

The period is

τd =
2π

ωd

.

The notation in this section follows Thomson: Theory of Vibration With
Applications

2 The Quality Factor Q

The quality factor Q arises in electrical tuning circuits. It may be defined in
terms of the half power points of the resonance peak. See the relevant section
in the chapter of Physics by Jim Emery, called electrical circuits. There it
is shown that Q is given by

ωnL

R
,

where ωn is the resonant frequency, L is the inductance, and C is the ca-
pacitance. Also Q is equal to 2π times the average stored energy divided
by the energy dissipated per cycle. This is completely analogous to the one
dimensional vibration problem. The electrical problem is

LÏ + Rİ +
1

C
I = V̇ .
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Rather than rederive Q for the vibration problem we identify coefficients
in the two problems. Then mass m corresponds to inductance L, viscous
damping constant c corresponds to resistance R, and stiffness k corresponds
to 1 over the capacitance C. Thus

Q =
ωnm

c

=
ωnm

ζcc

=
1

2ζ
,

where ζ is the critical damping ratio of the previous section.

3 Logarithmic Decrement

The term Logarithmic decrement is an old one. It occurs in Lord Rayleigh’s
Theory of Sound, which was published in 1877. Damping can be deter-
mined experimentally by measuring the rate of decay of free oscillation. The
logarithmic decrement δ is defined as the natural logarithm of the ratio of
displacement values measured at a time t and a time one period later t + τd.
Thus

exp(δ) =
x1

x2
=

exp(−ζωnt)

exp(−ζωn(t + τd))

= exp(ζωnτd).

So that
δ = ln(x1/x2) = ζωnτd.

Replacing τd by an expression involving ωn and ζ , we get

δ =
2πζ√
1 − ζ2

.

4 Equivalent Viscous Damping

There are many damping mechanisms. Among these are damping propor-
tional to velocity as in the motion of a body through a fluid, and structural
or hysteresis damping in which the dissipation energy is proportional to the
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square of the amplitude. In Thompson, in the section on damping, it is shown
that, for a harmonic solution of the one dimensional damping equation, the
energy dissipated per cycle at frequency ω is given by

wd = πcωX2,

where c is the viscous damping constant and X is the amplitude of vibra-
tion. Also it is shown that a hysteresis curve for this damping is elliptical.
Assuming structural damping given by aX2, where a is a constant, we obtain
an equivalent viscous damping constant given by

cequivalent =
a

πω
.

But notice that this so called constant depends inversely on the frequency.
Note also that for structural damping, because the stored energy is also
proportional to the square of the amplitude, Q is constant and independent
of each eigenfrequency. However, the literature seems somewhat ambiguous
about the Q of materials being frequency independent. The book Vibration
Analysis 2nd ed. by Vierck gives a more involved derivation of the viscous
equivalent of hysteresis damping (pp82-84). The equivalent critical damping
ratio is obtained from

2mζequivalentωn = cequivalent =
a

πω
.

Thus
ζequivalent =

a

2mπωnω
,

where ωn is the natural resonant frequency. Let us write this as

ζequivalent =
b

ωnω
,

where b is a constant. Let

ζn =
b

ω2
n

be the equivalent critical damping ratio at resonance. Then

b = ζnω2
n

and so

ζequivalent =
ζnωn

ω
.

5



5 A Method For Computing Damped Har-

monic Motion Parameters

We wish to determine parameters from data for damped harmonic motion.
Let

x = ae−bt sin(ct + d),

where a can be positive or negative, b ≥ 0, c > 0,and 0 ≤ d < π. This is the
solution of the differential equation

d2x

dt2
+ 2b

dx

dt
+ (b2 + c2)x = 0.

For the LRC circuit

b = R/2L and c =
√

1/LC − (R/2L)2.

Given an x-intercept t1, a following x-intercept t2 and t the maximum mag-
nitude point between the intercepts, find a, b, c, d. Solution:

ct1 + d = kπ and ct2 + d = (k + 1)π, thus

c =
π

t2 − t1

d = π − (t1c mod(π)).

Using t as the maximum point

0 = dx/dt = ae−bt(c cos(ct + d) − b sin(ct + d))

so
c cos(ct + d) − b sin(ct + d) = 0

and then
c√

b2 + c2
cos(ct + d) − b√

b2 + c2
sin(ct + d) = 0.

Letting

sin(θ) =
c√

b2 + c2

we have

sin(θ) cos(ct + d) − cos(θ) sin(cx + d) = sin(θ − (ct + d)) = 0
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Then
θ = ct + d − nπ.

Since
sin(θ) =

c√
b2 + c2

we have

b2 + c2 =
c2

sin2(θ)
.

b = c

√
1

sin2(ct + d)
− 1

The value of x at t gives a. We may write

ct + d − nπ = sin−1(
c√

b2 + c2
).

Maximum magnitudes occur at the same phase point in each interval. As
b → ∞ the maximum phase point ct+d goes to nπ from the right. As b → 0
the maximum phase point goes to the midpoint of the intercepts from the
left. Let c and d be fixed and without loss of generality let n = 0 and a = 1.
Then

xmax(b) = (
c√

b2 + c2
e
−(b/c)(sin−1( c√

b2+c2
))

Thus xmax(b) is decreasing and xmax(0) = 1 and xmax(∞) = 0.
The determination of b is sensitive to error in the maximum point. If we

have a sequence of values we may use a least squares method. Suppose we
have a sequence of n + 1 intercepts si and n maximum points ti. Compute

c =
π

n

n∑
i=1

1

si+1 − si

d = π − 1

n

n∑
i=1

(tic mod(π))

We may determine a and b by a least squares fit of

ae−bti =
xi

sin(cti + d)
.

We note that

| sin(cti + d)| = sin(cti + d − kπ) = sin(cti + d − (csi + d)) = sin(c(ti − si)).
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6 Decoupling Equations

Consider the equation
MẌ + KX = F,

where M is a square n-dimensional symmetric mass matrix, K is a square
n-dimensional symmetric stiffness matrix, and F is a n-dimensional force.
Both M and K must be positive definite because they represent the kinetic
and strain quadratic forms. If either of them were not positive definite, there
would be a nodal displacement or a nodal displacement velocity giving a
negative energy. We assume a solution of the form

X = X0 exp(iωt).

Consider the homogeneous problem with F = 0. We have

−Mω2X0 + KX0 = 0.

Let us write X for X0. Then we have

(K − ω2M)X = 0

This is a generalized eigenvalue problem. This homogeneous problem has a
nonzero solution if and only if the determinant is zero:

|K − ω2M | = 0.

This determinant is called the characteristic function, which is an nth degree
polynomial in the variable ω2. The roots are called eigenvalues. In the case
of symmetric matrices the eigenvalues are real. To show this, let the inner
product be

(u, v) =
n∑

i=1

uiv̄i,

where the subscripted values are the vector components, and where the bar
indicates the complex conjugate. Then if λ is an eigenvalue, with eigenvector
v, because M and K are self-adjoint (real symmetric), we have

λ(Mv, v) = (λMv, v) = (Kv, v) = (v, K̄Tv)

= (v, Kv) = (v, λMv) = λ̄(v, Mv) = λ̄(M̄T v, v) = λ̄(Mv, v).
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Therefore
λ = λ̄,

and so λ is real.
In this vibration problem the eigenvalues are not only real, but positive,

because the matrices are positive definite. Under certain conditions, (1) If
they are distinct, or (2) If one of the matrices is positive definite, then the vi-
bration problem can be decoupled. Suppose that the eigenvalues are distinct.
That is, the eigenfrequencies ω1, ..., ωn are distinct. Since the determinant of
the matrix

K − ω2
i M

is zero for each i, its column vectors are linearly dependent, so that there
exists a nonzero vector Xi such that

(K − ω2
i M)Xi = 0.

The vectors X1, ..., Xn are called eigenvectors or modal vectors. Let P be a
matrix which has as columns the eigenvectors

P = [X1|X2|...|Xn]

By the definition of the eigenvectors, we have

K[X1|X2|...|Xn] = [ω2
1MX1|ω2

2MX2|...|ω2
nMXn]

= M [X1|X2|...|Xn]Λ = MPΛ,

where Λ is the diagonal matrix of eigenvalues. Then

P T KP = P TMPΛ.

We will show that the eigenvectors have certain orthogonality properties. We
will show that if ω2

i is not equal to ω2
j , then vector Xi is perpendicular to

Xj. Let A be a matrix, then we write AT for the transpose. Because K and
M are symmetric

KT = K

and
MT = M

We have
XT

i KXj = XT
i ω2

j MXj = ω2
jX

T
i MXj
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On the other hand

XT
i KXj = (KT Xi)

T Xj = (KXi)
T Xj = (ω2

i MXi)
T Xj

= ω2
i X

T
i MT Xj = ω2

i X
T
i MXj .

So
ω2

jX
T
i MXj = ω2

i X
T
i MXj .

But ωj and ωi are not equal, so that we must have

XT
i MXj = 0,

and then
XT

i KXj = 0.

Now let
XT

i MXi = µ2
i .

Any multiple of an eigenvector is still an eigenvector, so we scale the eigen-
vectors so that each

µ2
i = 1

Then
P TMP = I.

Then we have
P TKP = P T MPΛ = IΛ = Λ.

Both matrices have been diagonalized.

7 Example: Coupled Oscillators

Consider two masses m1 and m2. They can each move in a horizontal di-
rection. Let the masses be connected with springs, k1, k2, and k3. Spring k1

is connected on the left with a fixed point, and on the right with mass m1.
Spring k2 is connected on the left with m1, and on the right with mass m2.
Spring k3 is connected on the left with m2, and on the right with a fixed
point. Let u1 and u2 be the displacement from equilibrium of masses m1 and
m2 respectively. The kinetic energy of the system is

T =
1

2
m1u̇

2
1 +

1

2
m2u̇

2
2
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and the potential energy is

V =
1

2
k1u

2
1 +

1

2
k2(u2 − u1)

2 +
1

2
k3u

2
2.

The Lagrangian is
L = T − V.

The equations of motion are given by Lagrange’s equations

d

dt

∂L

∂u̇1
− ∂L

∂u1
= 0

and
d

dt

∂L

∂u̇2
− ∂L

∂u2
= 0.

We have
∂L

∂u̇1
=

∂T

∂u̇1
= m1u̇1

and
∂L

∂u̇2
=

∂T

∂u̇2
= m2u̇2.

Also

− ∂L

∂u1

=
∂V

∂u1

= k1u1 − k2(u2 − u1)

and

− ∂L

∂u2
=

∂V

∂u2
= k2(u2 − u1) + k3u2.

Thus Lagranges’s equations are

m1ü1 + k1u1 − k2(u2 − u1) = 0

and
m2ü2 + k2(u2 − u1) + k3u2 = 0.

In matrix form the equations become

M

[
ü1

ü2

]
+ K

[
u1

u2

]
= 0

where

M =

[
m1 0
0 m2

]
,
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and

K =

[
(k1 + k2) −k2

−k2 (k3 + k2)

]
.

Let
u1 = U1e

iωt

and
u2 = U2e

iωt.

Then

(K − ω2M)

[
u1

u2

]
= 0

This equation has a nonzero solution if and only if

det(K − ω2M) = 0.

Let λ = ω2. The determinant is

(k1 + k2 − λm1)(k3 + k2 − λm2) − k2
2,

which we equate to zero to find the eigenvalues λ. Now let us specialize the
problem and set the spring constants k1 and k3, to a common value k. And
also set the two masses m1 and m3, to a common value m. Let the coupling
spring be a weak spring.

That is, let spring constant k2 be equal to a fraction of k. The equation
for the eigenvalues is the quadratic equation

(k + k2 − λm)(k + k2 − λm) − k2
2 = 0.

That is, it is
Aλ2 + Bλ + C = 0,

with
A = m2

B = −2(k + k2)m

and
C = (k + k2)

2 − k2
2 = k2 + 2kk2.

Let a = (k + k2 − λm) and b = −k2. Then since the determinant is 0, we
must have

a2 = b2
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K1 K2 K3

M1 M2

Figure 1: Coupled springs, With masses m1 and m1. The spring constants
are k1, k2 and k3. k2 is the constant for the coupling spring and is much
smaller than the other two constants.

So either
a = b,

or
a = −b.

The equations for the eigenvectors are

aU1 + bU2 = 0,

and
bU1 + aU2 = 0.

If a = b, then the eigenvector is [
1
−1

]

On the other hand, if a = −b, then the eigenvector is[
1
1

]
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The eigenvalues are λ1 and λ2. Let ai be the value of a for eigenvalue λi, and
let bi be the value of b for eigenvalue λi. Now let us compute with values as-
signed to the constants. Let m = 1, k = 1, and k2 = 1/10. The computation
is done with a Matlab script (Octave script). Call it coupled.m:

m=1.;

k=1.;

k_2=1/10;

A= m*m;

B= -2*(k+k_2)*m ;

C= k^2 + 2 * k * k_2;

lambda_1=(-B + sqrt(B*B - 4*A*C))/(2*A)

omega_1=sqrt(lambda_1)

a_1 = (k + k_2 - lambda_1 * m)

b_1 = -k_2

lambda_2=(-B - sqrt(B*B - 4*A*C))/(2*A)

omega_2=sqrt(lambda_2)

a_2 = (k + k_2 - lambda_2 * m)

b_2 = -k_2

omega=(omega_1+omega_2)/2

t1=2*pi/omega

phi=(omega_1 -omega_2)/2

t2=2*pi/phi

The output is:

octave-3.0.0.exe:5> coupled

lambda_1 = 1.2000

omega_1 = 1.0954

a_1 = -0.10000

b_1 = -0.10000

lambda_2 = 1.00000

omega_2 = 1.00000

a_2 = 0.10000

b_2 = -0.10000

omega = 1.0477

t1 = 5.9970

phi = 0.047723

t2 = 131.66
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octave-3.0.0.exe:6> exit

The first eigenvalue is
λ1 = 1.2

a1 and b1 are equal, so the eigenvector is

[
1
−1

]

The corresponding frequencies are

ω1 = ±
√

λ1 = ±1.0954

Hence two linearly independent solutions are

eiω1t

[
1
−1

]

and

e−iω1t

[
1
−1

]
.

So any linear combination of these solutions is also a solution. That is, the
space spanned by these two solutions is a solution. But both cos(ω1t) and
sin(ω1t) can be written as a linear combination of eiω1t and e−iω1t. Hence
this solution space is the same as the space spanned by

cos(ω1t)

[
1
−1

]

and

sin(ω1t)

[
1
−1

]
.

The second eigenvalue is
λ2 = 1.0

a2 and b2 are not equal, so the eigenvector is

[
1
1

]
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The corresponding frequencies are

ω1 = ±
√

λ2 = ±1.0

Hence two linearly independent solutions are

eiω2t

[
1
1

]

and

e−iω2t

[
1
1

]
.

Again the solution space is spanned by

cos(ω2t)

[
1
1

]

and

sin(ω2t)

[
1
1

]
.

Suppose the initial conditions are

u1(0) = A

du1(0)

dt
= 0

u2(0) = 0

du2(0)

dt
= 0

Let the solution be

u = c11 cos(ω1t)

[
1
−1

]
+c12 sin(ω1t)

[
1
−1

]
+c21 cos(ω2t)

[
1
1

]
+c22 sin(ω2t)

[
1
1

]
,

where the constants are to be determined by the initial conditions.
From the first initial condition we have

c11 + c21 = A
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Figure 2: Coupled oscillations. The lower curve is the oscillation of mass m1.
The upper curve is the oscillation of mass m2.
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From the third initial condition we have

−c11 + c21 = 0

Thus
c21 = A/2

and
c11 = A/2.

Differentiating our solution, we have

du

dt
= −c11ω1 sin(ω1t)

[
1
−1

]
+c12ω1 cos(ω1t)

[
1
−1

]
−c21ω2 sin(ω2t)

[
1
1

]
+c22ω2 cos(ω2t)

[
1
1

]
.

From the second initial condition we have

c12ω1 + c22ω2 = 0.

From the forth initial condition we have

−c12ω1 + c22ω2 = 0.

Therefore c22 = 0 and c12 = 0. Therefore our solution is

u1 =
A

2
cos(ω1t) +

A

2
cos(ω2t).

u2 = −A

2
cos(ω1t) +

A

2
cos(ω2t).

Now if ω = (ω1 + ω2)/2 and φ = (ω1 − ω2)/2, then

cos(ω1t) + cos(ω2t) = 2 cos(ωt) cos(φt)

So
u1 = A cos(ωt) cos(φt).

Similarly
u2 = −A sin(ωt) sin(φt).

For the numbers we have used here the oscillating frequency is

ω = 1.0477,
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and the corresponding period is

T1 = 5.9970.

The modulating frequency is

φ = 0.047723,

and the modulating period is

t2 = 131.66.

The oscillators operate as follows. The first oscillator starts at maximum
amplitude A, while the second oscillator is stopped at zero amplitude. The
amplitude of the first oscillator begins to decrease, according to the modu-
lating factor cos(φt). At t = t2/4, the amplitude of the first oscillator has
decreased to zero, whereas the amplitude of the second oscillator has in-
creased to its maximum amplitude A, according to the modulating factor
sin(φt) . The energy of the first oscillator has been transferred to the sec-
ond. This behavior repeats, as energy flows back and forth between the two
oscillators.

8 Decoupling The Rayleigh Damping Equa-

tions

Consider the vibration problem with proportional damping

MẌ + (αM + βK)Ẋ + KX = 0.

We find the modal matrix P consisting of the eigenvectors as in the previous
section. Let

X = PY.

Then
P T [MPŸ + (αM + βK)P Ẏ + KPY ] = 0.

Then
P T MPŸ + (αP TMP + βP TKP )Ẏ + P TKPY = 0.
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IŸ + (αI + βΛ)Ẏ + ΛY = 0.

Each of the matrices in this equation is a diagonal matrix. Written out, the
system is 



ÿ1

ÿ2

...

...
ÿn




+




α + βω2
1 0 ... 0

0 α + βω2
2 ... 0

... ... ... ...
0 ... 0 α + βω2

n







ẏ1

ẏ2

...

...
ẏn




+




ω2
1 0 ... 0

0 ω2
2 ... 0

... ... ... ...
0 ... 0 ω2

n







y1

y2

...

...
yn




= 0

The equations have been decoupled, each of the n differential equations
is independent of the others. The coordinates of vector Y are called normal
coordinates. The ith coordinate equation is

ÿi + (α + βω2
i )ẏi + ω2

i yi = 0.

We recognize this as a damped harmonic equation which in standard form is

ÿi + 2ζiωiẏi + ω2
i yi = 0.

Then we have
2ζiωi = α + βω2

i ,

where ζi is the critical damping ratio for the ith mode of vibration. Thus

ζi =
α

2ωi
+

βωi

2
.

If all modes have the same Q, then ζi is constant and

ζi =
1

2Q
.

Given two or more eigenfrequencies we can use least squares to find values
of the damping parameters α and β that are approximately correct for each
eigenfrequency.
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In the section Equivalent Viscous Damping we have shown that

ζequivalent =
ζiωi

ω
,

for a nonresonant frequency ω. Thus over a small frequency range near the
resonant frequency ωi, ζequivalent may be taken to be ζi. Therefore we can
use constant Rayleigh damping parameters α and β found through the least
squares fitting described above. See the section on damping in the ANSYS
theory manual.

9 A Damped and Forced Longitudinally Vi-

brating Bar

Let a long bar of cross sectional area A and length � vibrate along its axis.
Consider an element of the bar of length ∆x. On the left side of the element
there is a force

Aσ(x)

and on the right a force
Aσ(x + ∆x),

where σ is the stress. Also let there be a viscous damping force opposing the
displacement velocity given by

γ
∂u

∂t
∆x,

and an external force
f(x, t)∆x.

The mass of the element is
A∆xρ.

The strain is

ε =
∂u

∂x

We have
σ = Eε,
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where E is Young’s modulus. Equating the net force to the mass times the
acceleration, we have

A(σ(x + ∆x) − σ(x)) − γ
∂u

∂t
∆x + f(x, t)∆x = A∆xρ

∂2u

∂t2
.

Replacing the stress by the strain

EA(
∂u(x + ∆x)

∂x
− ∂u(x)

∂x
) − γ

∂u

∂t
∆x + f(x, t)∆x = A∆xρ

∂2u

∂t2
.

Dividing by EA∆x and letting ∆x go to zero, we have

∂2u

∂x2
=

ρ

E

∂2u

∂t2
+

γ

EA

∂u

∂t
− 1

EA
f(x, t).

We look at the free boundary condition case with the stress, and hence the
strain zero at the bar ends. That is

∂u

∂x
= 0,

at x = 0, and at x = �. We next calculate the vibration modes for the
undamped, and unforced problem. We have

∂2u

∂x2
=

1

c2

∂2u

∂t2

where

c =

√
E

ρ
,

is the wave velocity. Using separation of variables

u(x, t) = U(x)T (t),

we have

c2 Ü

U
=

T̈

T
= −L2,

for a constant L. Then

Ü(x) +
L2

c2
U = 0,

so that
U(x) = A cos((L/c)x + B sin((L/c)x).
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Then
U ′(x) = (L/c)[−A sin((L/c)x + B cos((L/c)x)].

And
0 = U ′(0) = (L/c)B

so that B = 0. Then

0 = U ′(�) = −(L/c)A sin((L/c)�,

which implies that
L�/c = nπ,

for n = 0, 1, 2, 3, ...... Hence for n = 0, 1, 2, 3, ....., each eigenfunction

Un(x) = An cos((nπ/�)x),

multiplied by a time dependent function, is a solution to the problem.
Now we use these eigenfunctions to solve the damped and forced problem.

We assume a solution of the form

u(x, t) =
∞∑

n=0

Tn(t) cos((nπ/�)x).

We substitute this into the damped wave equation, getting

∂2u

∂x2
=

∞∑
n=0

−Tn(t)(nπ/�)2 cos((nπ/�)x),

1

c2

∂2u

∂t2
=

∞∑
n=0

1

c2
T̈n(t) cos((nπ/�)x),

and

γ

EA

∂u

∂t
=

∞∑
n=0

γ

EA
Ṫn(t) cos((nπ/�)x).

So we have

∞∑
n=0

[
1

c2
T̈n(t) +

γ

EA
Ṫn(t) + (nπ/�)2Tn] cos((nπ/�)x) =

1

EA
f.
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Multiplying by c2,

∞∑
n=0

[T̈n(t) +
c2γ

EA
Ṫn(t) + (c2nπ/�)2Tn] cos((nπ/�)x) =

c2

EA
f.

Letting

ωn =
nπ

�
c =

nπ

�

√
E/ρ,

and

2ζnωn =
c2γ

EA
=

γ

ρA
,

we can write the equation as

∞∑
n=0

[T̈n(t) + 2ζnωnṪn(t) + ω2
nTn] cos((nπ/�)x) =

1

ρA
f.

We recognize the differential equations in t as damped harmonic equations,
with ωn the natural frequency, and ζn the critical damping ratio. Solving for
ζn, we have

ζn =
γ

ρA2ωn

=
γ

ρA2(nπ/�)
√

E/ρ
=

γ�

2nπA
√

ρE
.

To determine experimentally the viscous damping constant γ, we can proceed
as follows. We use a forcing functions whose frequencies are near a resonant
frequency ωn, and measure the response, from which we may calculate the
critical damping constant ζ , which then gives γ.

Now suppose we have a lumped parameter mathematical model of the
rod, namely a finite element model in which we use proportional or Rayleigh
damping. The model is

Mü + (αM + βK)u̇ + Ku = F.

We can decouple this equation by using the modal matrix, that is the ma-
trix consisting of eigenvectors of the free vibration. We then may compare
the resulting one dimensional modal differential equations with the damped
harmonic equations found above, thereby obtaining a relationship between
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the intrinsic viscous damping γ and the Rayleigh parameters α and β. As
above we have

γ

ρA
= 2ωnζn = α + βω2

n.

This relates the Rayleigh damping parameters to the intrinsic viscous damp-
ing constant, which is a property of the material. Note that there is also
hysteretic damping that does not depend on the displacement velocity.

10 The Thin Transverse Vibrating Beam

The equation for the vibrating beam may be obtained by reduction from the
thin transverse vibrating plate equation (see Soedel). But here we shall use
elementary concepts to obtain the equation.

Let r be the radius of curvature of the neutral axis of the thin beam. Let
y be the distance from the neutral axis to a point in the beam cross section.
When the beam is bent, a length � changes to a length � + δ�. The length at
the neutral axis does not change. The length � on the neutral axis, and the
radius of curvature r, are lengths of sides of a triangle. The distance from
the neutral axis y and the length change δ�, when the deflection is small, are
sides of a similar triangle. So using similar triangles, we find

δ�

y
=

�

r
.

Then the strain is

e =
δ�

�
=

y

r
.

The stress is
σ = E

y

r
.

The net force is zero over the cross section, so integrating we get

0 =
∫

σdA =
E

r

∫
ydA.

The integral is the area centroid. The neutral axis passes through the cen-
troid. The bending moment is given by

M =
∫

yσdA =
E

r

∫
y2dA =

E

r
I.
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where I is the area moment of inertia. The curvature is the reciprocal of the
radius of curvature and we have

1

r
= κ =

d2y/dx2

(1 + (dy/dx)2)3/2
.

When the slope is small the curvature is equal approximately to the second
derivative. Hence the beam equation is

d2y

dx2
= κ =

M

EI
.

When the beam is subjected to point loads , the bending moment is linear
between the point loads, hence on each segment of the beam we have an
equation of the form

d2y

dx2
=

ax + b

EI
,

where a and b are constants depending on the point loads. This integrates to
a cubic polynomial. Hence the solution deflection curve is a piecewise cubic
polynomial with continuous first and second derivatives, and zero second
derivatives at the ends. The deflection curve is a natural cubic spline. A
natural cubic spline has zero second derivatives at the ends. The curve
becomes straight at the ends.

Let Q be the transverse shear stress in the beam, and let p be the down-
ward pressure per unit length. Then the conditions for equilibrium of a
element of the beam of length dx is that the external vertical force vanish,
so that the change in shear stress over length ∆x is

∂Q

∂x
∆x = p∆x.

The moment about an edge of the element vanishes so that the change in the
moment over length ∆x is

∂M

∂x
∆x = Q∆x.

That is
∂M

∂x
= Q.
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Since the moment is proportional to the second derivative, the shear is pro-
portional to the third derivative. Combining these equations, we get

∂2M

∂x2
= p.

Substituting for the moment M , we get

∂4w

∂x4
=

p

EI
.

Suppose the beam is freely vibrating. Then we replace the force on the
element of length dx by a mass times acceleration term

ρAdx
∂2w

∂t2
.

Then the free vibration equation is

∂4w

∂x4
=

ρA

EI

∂2w

∂t2
.

A particular solution to the equation depends on the boundary conditions
at the beam ends. As a typical solution, we have

w = C sin(kx)eiωt.

The wave number is

k =
2π

λ
,

where λ is the wavelength. We find that

k4 = ω2 ρA

EI
,

which defines the natural frequency ω as a function of a given wavelength. If
two nodes of a standing wave are given, the wave length must fit an integral
number of times between these two nodes.
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11 A Damped Vibrating Cantilever Beam

The free vibration equation is

∂4u3

∂x4
1

= −ρA

EI

∂2u3

∂t2
.

Using separation of variables, we let

u3(x, t) = f(x)g(t).

Substituting in the equation, we get

1

f(x1)

d4f(x1)

dx4
1

= −ρA

EI

1

g(t)

d2g(t)

dt21
= k4.

We get two ordinary differential equations

d4f

dx4
1

− k4f = 0.

and
d2g

dt2
+ ω2g = 0,

where

ω2 =
EI

ρA
k4.

The general solutions are

f(x) = A cos(kx) + B sin(kx) + C cosh(kx) + D sinh(kx),

and
g(x) = E cos(ωt) + F sin(ωt).

Boundary conditions for the clamped cantilever beam: At x = 0,

u3(0) = 0,
∂u3

∂x1
= 0.

At the end of the beam where x1 = �, the moment is zero and the shear
stress is zero, so that

∂2u3

∂x2
1

= 0,
∂3u3

∂x3
1

= 0.
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The first boundary condition gives

A + C = 0.

The second condition gives

Bk + Dk = 0

or if k is not zero
B + D = 0.

By the third condition

−A cos(k�) − B sin(k�) + C cosh(k�) + D sinh(k�) = 0

By the fourth condition

−A sin(k�) + B cos(k�) + C sinh(k�) + D cosh(k�) = 0

Substituting the first two equations into the last two, we get two homogeneous
equations for A and B.

(cos(k�) + cosh(k�))A + (sin(k�) + sinh(k�))B = 0

(sin(k�) − sinh(k�))A − (cos(k�) + cosh(k�))B = 0

These equations can only have a solution if the determinant is zero. The
determinant is

(cos(k�) + cosh(k�))2 + sin2(k�) − sinh2(k�)

= 2 cos(k�) cosh(k�) + sin2(k�) + cos2(k�) + cosh2(k�) − sinh2(k�)

= 2 cos(k�) cosh(k�) + 2 = 0

That is
cosh(k�) cos(k�) + 1 = 0.

The roots of this equation are:

{ki�} = {1.87, 4.75, 7.85, ......, }
Let us call these roots

η1, η2, η3, ....
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Then
ki =

ηi

�
.

As i increases, the ith root will approach

2i − 1

2
π

very quickly. This is because cosh(x) will get very large as x increases. Then
if x is a root of the equation

cosh(x) cos(x) = −1,

then it will have to be very close to a root of cos(x).
Once we have selected a root, we can assign a value to A, and then solve

for B,C,and D to get the mode shape.
The eigenfrequencies are given by

ωi = k2
i

√
EI/ρA = (ηi/�)

2
√

EI/ρA.

Let

fi(x) = Ai cos(kix) + Bi sin(kix) + Ci cosh(kix) + Di sinh(kix)

be the corresponding eigenfunctions.
For the damped problem we introduce a viscous damping constant γ. The

damped forced equation is

EI

ρA

∂4u3

∂x4
1

+
∂2u3

∂t2
+

λ

ρA

∂u3

∂t
=

q3(x, t)

ρA
.

where q3 is an external force per unit length. As a solution we take

∞∑
i=1

gi(t)fi(x).

Substituting this into the equation, we get

∞∑
i=1

(g̈i(t) +
λ

ρA
ġ +

EI

ρA
k4gi)fi(x) =

q3

ρA
.
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Then ∞∑
i=1

(g̈i(t) + 2ζiωiġ + ω2
i gi)fi(x) =

q3

ρA
.

where

ζi =
λ

2ωiρA
=

λ�2

2η2
i

√
EIρA

.

As in the case of the longitudinally vibrating rod, we get a set of damped one
dimensional vibration equations. The critical damping constant ζi relates the
intrinsic viscous damping constant to the Rayleigh parameters α and β.
Vibrating Beam Reference: Soedel, p65. See the chapter titled: Arch,
Beam and Rod. The equation for free vibration of the beam is derived by
reduction from Love’s equation,

−EI
∂4u3

∂x4
1

+ q′3 = ρA
∂2u3

∂t2
.

Vibrating Beam Reference: Haberman, p234.
Vibrating Beam Reference: Burton Vibration and Impact, pp242-246.

12 The General Problem of Linear Vibration

The reference for this section is:
Bradbury T C, Theoretical Mechanics, John Wiley, 1968, p352.

The kinetic and potential energies are given as quadratic forms

T =
1

2
gij q̇iq̇j ,

and

V =
1

2
kijqiqj .

The Lagrange equations of motion become

gij q̈j + kijqj = 0.

Write this as a matrix equation

GQ̈ + KQ = 0,
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where G and K are symmetric n by n matrices. This equation has a solution

Q = X exp(ωt).

Then
(K − λG)X = 0,

where
λ = ω2.

This is a generalized eigenvalue problem. The quadratic forms are positive
definite. The eigenvalues are real, and the eigenvectors (normal modes) are
orthogonal. Let the rows of matrix S be constructed out of eigenvectors,
which are scaled to be of unit length with metric G (S, or ST is called the
modal matrix in Thomson ”Theory of Vibration.”). That is,

XT GX = δij.

Then
SGST = I.

Let Λ be a diagonal matrix of the eigenvalues. Then

KST = ΛGS.

Define normal coordinates Q′ by

Q = Q′ST .

Then the equations of motion become

GST Q̈′ + KST Q′ = 0.

Multiplying by S and simplifying, we get

Q̈′ + ΛQ′ = 0.

The problem could also be solved by diagonalizing the original energy quadratic
forms. Any two positive definite quadratic forms can be simultaneously di-
agonalized. See for example, D. E. Littlewood A University Algebra, 2nd
ed. 1958 Dover, p53.
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13 The General Vibration Problem With Damp-

ing

Reference: Meirovitch Analytical Methods of Vibration. See Lagrange’s
equation with a dissipation function, p390. The dissipation function was
named by Lord Rayleigh (Theory of Sound, p. 103):

F =
1

2

n∑
i=1

n∑
j=1

cij q̇iq̇j

For an example of the dissipation function, see p394.

14 Forced Vibration and Proportional Damp-

ing

Reference: Thomson, Theory of Vibration, p180.

MẌ + CẊ + KX = F.

We use proportional damping so that

C = αM + βK.

By diagonalizing and using the resulting normal coordinates Y , as was done
in a previous section, the equation can be uncoupled and written as

Ÿ + (αI + βΛ)Ẏ + ΛY = F ′.

Then we get the one dimensional equations

ÿi + (α + βω2
i )ẏi + ω2

i yi = Qi(t)

Now using a sinusoidal forcing function at a set of frequencies ω near the
resonant frequency ωi, we can determine the coefficients α and β.

Each of the n equations represents a one dimensional damped vibration.
Each such equation has a steady state solution for a sinusoidal forcing func-
tion exp(iωt). Then computing the output for a set of frequencies around
the resonant frequency ωj for this equation, we can compute the damping
ratio ζ and equate

2ζωj = (α + βω2
j ).
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That is, if we have measured values of ζ at resonant frequencies, then we can
compute values of α and β.

Reference: Zienkiewicz The Finite Element Method 1977, Chapter
20 Field and Dynamic Problems. The formula above is given on page 564:
The critical damping ratio for the ith mode is

ζi =
1

2ωi

(α + βω2
i ),

which means that higher frequencies are overdamped and so decay, so that
the approximation using a finite number of frequencies is justified.

15 Experimental Determination of Damping

Parameters

• Reference: Inman, Vibration, With Control, Measurement, and
Stability 1989, Chapter 8, Modal Testing.

• Reference: Clough and Penzien Dynamics of Structures, (This book
is mentioned in Zienkiewicz as a source for experimental determination
of damping parameters). See the section on earthquake Response.

• Inverse problem: Determine matrices M, C, K from measurements of
responses.

• System Identification Theory: The process of determining the math-
ematical model from measured inputs and outputs. This is an active
area of research in the field of control theory.

• Hardware: Electromagnetic Shaker, Stinger, Impulse Hammer, Impact
Hammer.

16 Hysteresis Damping

When an elastic body is put under an alternating load, the stress-strain
curve as the load is increasing differs from the stress-strain curve followed
as the load decreases. The area enclosed by this hysteresis curve represents
an energy loss. It turns out to be proportional to the square of the wave
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amplitude, but independent of the frequency, since it does not depend on the
velocity as does viscous damping. This damping is called hysteretic damping,
and structural damping.

References: Meirovitch, Analytical Methods of Vibration, pp400-
404, and Soedel Vibration of Shells and Plates, 2nd ed., Chapter 14,
Hysteresis Damping.

The measurement of the hysteresis loop requires very sensitive instru-
ments. For example, according to the reference:
Harris and Crede, Shock and Vibration Handbook 2nd ed. 1976, Chap
36 page 3,

the maximum strain width of the hysteresis loop for chrome steel, while
experiencing an alternating stress of 103 MPascals, is 2 × 10−6. (Compute
the energy lost per cycle)

17 Viscoelastic Damping

There is a possible viscous damping that is proportional to the strain velocity
rather than to the displacement velocity. The resistance force is then propor-
tional to the third derivative of the displacement. See Clough and Penzien,
p301.

18 Modal Dynamic Analysis

The finite element program ABAQUS has a modal dynamic analysis de-
scribed as follows: The eigenvalue problem is solved and the system is diago-
nalized as was shown in a previous section. So the equations are uncoupled.
Each one dimensional homogeneous equation is solvable in closed form, and
will be the underdamped, critically damped, or overdamped solution. At
each time step a solution is found for this initial value problem, using as
initial values, the final values of the previous step. The particular part of
the solution is calculated by assuming a linear approximation to the forcing
function at the given time point.
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19 Modal Expansion

Given a linear operator L, suppose it has a set of orthonormal eigenfunctions
φi.

Lφi = λiφi.

Given an external force F , we may compute a Fourier representation

F =
∑

ciφi

in the eigenspace (or a projection to a subspace), where the coefficients are
inner products

ci = (F, φi).

Then let a solution of
LX = F,

be
X =

∑
aiφi.

We have
LX =

∑
λiaiφi,

so that
ai =

ci

λi
.

See also Werner Soedel Vibrations of Shells and Plates.

20 Damping References

Damping constants and ringdown formulas. Logarithmic decrement method.
See p27 Theory of Vibrations With Applications William T. Thompson
Ringdown:

e−ζωnt sin(ωnt)

Determine ζ by calculating logarithms of ratios of successive periods of am-
plitudes. Matrix equation:

M
d2x

dt2
+ C

dx

dt
+ Kx = 0.

M is the mass matrix, C is the damping matrix, and K is the stiffness matrix.
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Rayleigh damping (see Zienkkiewicz p. 532, p. 564, Desai and Abel).
Also called proportional damping. Proportional damping is named Rayleigh
damping because it is mentioned in one sentence in Rayleigh’s Theory of
Sound, V1, p130 Dover edition. See Mierovich Chapter 9 Damped Systems.
Also there more general conditions on damping matrix which allows equations
to be decoupled.

Determine experimentally (Dynamics of Structures R. W. Clough, J
Penzien) Let

C = αM + βK.

Let
x = x0e

jωt.

Substitute and diagonalize the resulting matrix. Find ζ experimentally, and
then find α and β.

21 Steady State Solution

Consider the forced vibration problem.

MẌ + CẊ + KX = F.

Let the force F be sinusoidal,

F = F0 exp(iωt).

Let the solution be
X = X0 exp(iωt).

Then we have

[(K − Mω2) + Cωi]X0 exp(iωt) = F0 exp(iωt).

Then
ZωX0 = F0,

where
Zω = (K − Mω2) + Cωi,

is the impedance matrix. Then

X0 = Z−1
ω F0.

If F is a periodic function, we may represent F as a Fourier series and apply
the technique to each term.
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22 The Vibration of a Cylindrical Plate

The equation for free vibration of a thin plate is

∇4u3 +
ρh

D

∂2u3

∂t2
= 0.

The material density is ρ, the plate thickness is h, and the plate stiffness is
D, where

D =
Eh3

12(1 − ν2)
,

and E is Young’s modulus, and ν is Poisson’s ratio. The biharmonic operator
is

∇4 = ∇2∇2 = (
∂2

∂x2
+

∂2

∂y2
)(

∂2

∂x2
+

∂2

∂y2
)

=
∂4

∂x4
+ 2

∂4

∂x2∂y2
+

∂4

∂y4

The Laplace operator is, in polar coordinates

∇2 =
∂2

∂r2
+

1

r

∂

∂r
+

1

r2

∂2

∂θ2
.

We shall assume harmonic time variation and that the solution has the form

u3(r, θ, t) = U3(r, θ) exp(iωt).

Then we have
(∇4 − λ4)U3(r, θ) exp(iωt) = 0,

where

λ4 =
ρhω2

D
.

We can factor the operator and put the equation in the form

(∇2 − λ2)(∇2 + λ2)U3 = 0,

The equation will be satisfied when either of the factors is zero.
Let us consider the factor

(∇2 + λ2)U3 = 0.
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We use the separation of variables technique and write

U3(r, θ) = f(r)g(θ).

Then
r2

f

d2f

dr2
+

r

f

df

dr
+ λ2r2 = −1

g

d2g

dθ2
= k2,

for some constant k. Then we get two equations

d2g

dθ2
+ k2g = 0,

and
d2f

dr2
+

1

r

df

dr
+ λ2f =

k2f

r2
.

We rewrite the second equation as

d2f

dr2
+

1

r

df

dr
+ (λ2 − k2

r2
)f = 0.

The first equation has solution

g(θ) = C1 cos(k(θ − φ)).

where k = 0, 1, 2, 3, 4, ... . Let
η = λr.

Then the second equation becomes

d2f

dη2
+

1

η

df

dη
+ (1 − k2

η2
)f = 0.

This is Bessel’s equation. It has general solution

C2Jk(λr) + C3Yk(λr).

Now let us consider the factor

(∇2 − λ2)U3 = 0

We separate variables and write

U3(r, θ) = f(r)g(θ).
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Then
r2

f

d2f

dr2
+

r

f

df

dr
+ −λ2r2 = −1

g

d2g

dθ2
= k2,

for some constant k. Then we get two equations

d2g

dθ2
+ k2g = 0,

and
d1f

dr2
+

1

r

df

dr
− λ2f =

k2f

r2
.

We rewrite the second equation as

d1f

dr2
+

1

r

df

dr
− (λ2 +

k2

r2
)f = 0.

The first equation again has solution

g(θ) = C1 cos(k(θ − φ)).

where k = 0, 1, 2, 3, 4, ... . Let
η = λr.

Then the second equation becomes

d1f

dη2
+

1

η

df

dη
− (1 +

k2

η2
)f = 0.

This is the modified equation of Bessel, which has general solution

C4Ik(λr) + C5Kk(λr).

The kth mode of vibration of the plate is then

u3(r, θ, t) = C1 cos(k(θ−φ))[C2Jk(λr)+C3Yk(λr)+C4Ik(λr)+C5Kk(λr)] exp(iωt).

(see also elastic.tex).
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23 The Boundary Conditions On A Cylindri-

cal Plate

Let us consider a simple boundary value problem, the clamped cylindrical
plate. Now Yk(λr) and Kk(λr) go to infinity at the origin, so C3 and C5 are
zero. Hence

u3(r, θ, t) = U3(r, θ) exp(iωt) = C1 cos(k(θ−φ))[C2Jk(λr)+C4Ik(λr)] exp(iωt).

Let a be the boundary radius of the disk. Then we take as boundary condi-
tions

f(a) = 0

∂f(a)

∂r
= 0

We have two equations

C2Jk(λa) + C4Ik(λa) = 0,

C2
∂Jk(λa)

∂r
+ C4

∂Ik(λa)

∂r
= 0.

Then the determinant must be zero

Jk(λa)
∂Ik(λa)

∂r
− Ik(λa)

∂Jk(λa)

∂r
= 0

Let λm be the mth root of this equation. We have

λ4
m =

ρkω2

D
.

This gives the frequencies of vibration, and the mode shapes.
For example values of the plate stiffness D, see maple program pltstiff.
For a set of boundary conditions, for the boundary value problem of the

annular ring, see James Cumming’s Masters theses, p87. Those boundary
conditions are formulated in Raja P. Vibrations of Annular Plates, Jour-
nal of the Aeronautical Society of India, 1962. 14(2): pp 37-50.
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24 History of Damping Research

Summary of: Robert Plunket Damping Analysis: An Historical Per-
spective, which is in the work edited by Kinra and Wolfenden.

• Theory for shells and plates: D’Alembert (1747), Euler, Bernoulli, Pois-
son, Germaine.

• Coulomb Memoir on Torsion (1784): Energy loss in cyclical strain,
stress-strain hysteresis loop.

• Weber 1837: internal friction measured by torsional vibrations.

• Attempts were made at constructing molecular theories, giving elastic
and damping constants, but not until the 1920’s did Max Born com-
pute, from molecular theory, values for the 21 elastic constants.

• In the early 20th century physicists found that damping was indepen-
dent of amplitude, but they also found that the damping frequency
dependence did not follow the prediction of simple viscous damping.

• Maxwell, Voigt, and Kelvin, tried to model the frequency dependence
using combinations of springs and dashpots, but were unsuccessful.

• Linear viscosity is not a good model for damping for any material at
low strain levels and normal temperatures.

• There are several different mechanisms of energy dissipation in poly-
crystalline metals, and the effect of each peaks at different critical fre-
quencies.

• All known metals with high damping at moderate strain levels depend
on phase transformations.

• Dislocation motion is the most prevalent mechanism for the low damp-
ing found in most metals.

• Zener C Elasticity and Anelasticity of Metals, University of Chicago
Press, 1948, gives a comprehensive review of measurement techniques
to 1948, which were of low frequency on simple structures. More mod-
ern methods: Truell R, Elbaum E, Chick B B Ultrasonic Methods
in Solid State Physics 1969. Nowick A S, Berry B S Anelastic
Relaxation in Crystalline Solids 1972.
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• Most work was based on free decay, but some was based on forced
vibration and resonance.

• Supporting methods in experiments include supports at nodal points.
In another case the device was a tuning fork held at the handle.

• Most research in damping is aimed at finding materials with increased
damping properties, which materials would have the ability to remove
harmful vibrations.

• We are looking at the inverse problem: To locate metals with low
damping properties..
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